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ABSTRACT

The carbonate system is ubiquitous in nature, playing a role in many natural and
industrial processes. For calcite dissolution, the kinetics and mass transport of the
dissolved species reflect both the chemistry of the bulk, and the conditions at the
dissolving interface. We formulate the dissolution problem as a set of coupled con-
vection-reaction-diffusion equations that is not only consistent with the bulk chem-
istry, but is also connected with a Stefan condition for dissolution interface, treating
it as a free boundary. The substantial difference in the order of magnitude of the
various reaction rates decouples the system. The relatively slow speed of the mov-
ing interface allows for a quasi-steady solution. The model reproduces the exper-
imentally observed behaviour without the need to introduce additional reactions
occurring at the reacting surface.

keywords: calcite dissolution; rotating disc; Stefan Condition; advection-diffusion-
reaction model; natural scaling
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CHAPTER

INTRODUCTION

Calcium carbonate or calcite (CaCOj(s)), is an extremely common mineral making
up approximately 4% of the Earth’s crust. It is considered one of the major carbon
depositories on Earth. Over millions of years, carbon dioxide from the atmosphere
has diffused into the oceans, then through the actions of precipitation and evapora-
tion, been stored in limestone deposits. When subjected to heat and pressure, this
limestone transforms into marble (a metamorphic rock) that is used extensively in
construction due to its inherent beauty, abundance, and durability. The dissolution
and precipitation of calcite plays a role in (i) monument degradation, (ii) karst

landscape formation, and (iii) ocean acidification/coral reef dissolution.

Oil deposits are usually found in sedimentary rocks such as sandstone or lime-
stone, the latter composed primarily of calcium carbonate (CaCOj;(s)) in the form
of the mineral calcite. To increase the production of a petroleum reservoir, a com-
monly used stimulation technique is to inject acid into the pores of a rock formation
to accelerate the dissolution of the matrix rock and/or materials encapsulating an

oil deposit. This method, known as matrix acidization, enlarges the pores in the

1



CHAPTER 1. INTRODUCTION

Figure 1.1: A rotating disc reaction vessel used to study the dissolution process.

rock, and is intimately tied to the process of calcite dissolution.!

A controlled way to study this dissolution process is the rotating disc reaction
vessel. See Figure 1.1. With this method, the rock sample is attached to a rotating
shaft, and is submerged in a solution of reactant. The temperature, pressure, and
rotation rate can also be controlled. The rotation of the disc creates a uniform thick-

ness boundary layer across the sample surface that is independent of its distance

In contrast, the Alberta oil sands consist of a mixture of sand, water, and bitumen. The latter
material consists of oil that is too heavy or thick to flow on its own. Bitumen requires extraction
from underneath the boreal forest, either through surface mining or in-situ recovery.

2



CHAPTER 1. INTRODUCTION

from the axis of rotation. Levich in [23] derived an expression for the magnitude

of the mass flux due to diffusion (diffusional mass flux) as

)
J=-D ('TC ~ 0.62048 D316\ 2 (1.1)
z

z=0

where D is the diffusion coefficient of the solution, v is the kinematic viscosity, w is
the angular velocity, and c, is the constituent concentration in the bulk. This result
ignores any chemical kinetics, assumes that the fluid is unbounded, and outside of

the boundary layer, and that fluid only flows in the axial (vertical) direction.

The rotating disc apparatus, along with the result of Levich, are utilized in the
petroleum industry to characterize the matrix acidization process during drilling.
This method can indicate, with some processing, the dissolution rate, reaction rate
constants, and the reaction order specific to each unique rock formation. Rather
than the classical Levich equation (1.1), a modified expression for large Schmidt

numbers (Sc = v/D) is used [28]

0.62048 D%/3y=1/6,1/2¢

Joorr = .
1 0298083 4+0.1451 Sc /3

(1.2)

Despite this correction, there has been significant variability in the observed reac-
tion rate data of the reservoir rock. In essence, different laboratories using similar
experimental techniques, and utilizing the Levich equation, should produce con-
sistent results with rock samples from the same formation. However, this is not the
case. Taylor and H.A. Nasr-El-Din [40] quantify this surprising variability, which
cannot be easily justified. It is suspected that many of the experimental results are
obtained in chemical environments that violate the assumptions used to arrive at
Levich’s result. For example, when a very strong acid such as HCl is used in a sam-

ple of calcite and dolomite,? and the pH is monitored over time, the reaction rates

2Dolomite is a carbonate mineral composed of calcium magnesium carbonate, CaMg(CO3)a.
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CHAPTER 1. INTRODUCTION

of the calcite and dolomite can be determined through the stiochiometry. However,
directly applying the Levich equation, or its correction, is an oversimplification of

this complex chemical system.

To address this variability, we will focus on calcite and the specific chemistry in-
volved in its dissolution. A starting point for this is the work of Dreybrodt which de-
tails the dissolution and precipitation of calcite in open [4] and closed [5] systems.
In this work, the surface reactions and the mass transport for the basic CaCOj3(s)-
CO;2-H,0 system are combined with a rate equation to find the boundary values
for the ion species. This rate equation is known as the PWP equation, and is a re-
sult of the contribution made by Plummer, Wigley, and Parkhurst (PWP) in their
experimental investigations on surface controlled reactions. Rather than using the
experimentally determined PWP boundary conditions, this research uses a Stefan
condition at the dissolving interface, that preserves mass as the material dissolves.

This gives results that are consistent with those that use the PWP equation.

The aim of this thesis, and the research it contains, is to fill a gap that bridges
the classical Levich result with modern mathematical modelling of the process of
dissolution. Motivated to build a comprehensive model to describe calcite dissolu-
tion in the setting of a rotating disc vessel, we include the specific chemical kinetics,
as well as imposing mass conservation at the dissolution interface. We must con-
sider the chemical reactions taking place in the bulk fluid and at the rock surface.
This will require a careful analysis of the fluid flow and the resulting transport of

various ion species.

We start in Chapter 2 with a detailed explanation of the setting and specifica-
tions of the rotating disc reaction vessel. We derive the equations for the fluid flow
using the Navier-Stokes equation in a cylindrical coordinate system. We solve for
the velocity distribution, swirling von Kdrman flow, as explained in Appendix A.

The classical Levich solution and its applications are discussed. In Chapter 3, we

4



CHAPTER 1. INTRODUCTION

discuss the equilibrium chemistry of the carbonate system, and the CaCOj;(s) disso-
lution process. Two equilibrium regimes: (i) no calcium in solution, and (ii) satu-
rated with calcium in solution are analyzed. Changes in the behaviour of the system
with respect to acidity, and partial pressure of CO, are explored. We construct the
full model we each of the chemical species in Chapter 4. This includes the chemical
system, the fluid motion, and the Stefan condition arising from the dissolution pro-
cess itself. A system of equations are proposed, boundary conditions are defined,
and characteristic scalings are used to find a set of dimensionless quantities. It is
shown that the system splits into a set of slow reactions, and a collection of alge-
braic equilibrium conditions. In Chapter 5, the numerical solution of the model will
be explored for a fixed pressure and acidity. In Chapter 6, the dependence on pres-
sure and solution acidity is presented, and compared with a set of experimental
data. This is the same data that has been used to define the PWP model, which is
typically used as an experimentally derived boundary condition for the carbonate

system in dissolution problems. Finally, the thesis is concluded in Chapter 7.



CHAPTER

THE RoTtAaTING Disc REACTION VESSEL

The rotating disc apparatus is usually used to study chemical kinetics under lab-
oratory conditions. It consists of a rock disc, attached to a rotating shaft, inside a
cylindrical vessel. If the disc is made of the material under consideration, it can
serve as the reaction site, a technique used in many electrochemical laboratory ex-

periments.

2.1 Classical Levich

In these experiments, the fluid moves due to a rotating disc and is assumed to reach
equilibrium, necessitating the search for a stationary, axi-symmetric solution of the
incompressible Navier-Stokes equations. The pioneering study of this problem was
carried out by von Kdrman [42], where he formulated the fluid flow problem in
terms of a natural similarity variable, and was able to convert the system of partial
differential equations into a system of nonlinear ordinary differential equations.

Subsequently, Cochran [7] advanced von Karmdn's result, and obtained asymptotic

6



CHAPTER 2. THE RDRV 2.1. CrassicaL LEvicH

solutions for the steady hydrodynamic problem.

To pick up the geometric aspects of the rotating vessel, a similarity solution is
attempted. In particular, a similarity variable ( is identified, and the Navier-Stokes
equations, (A.2)—(A.5), detailed in Appendix A, are nondimensionalized by apply-

ing the transformation

Z—\/>C ur = 1wk ((), wuy=rwG(Q), = VwH(), p=—prwP(¢). (2.1)

This reduces the system (A.2)-(A.5) for the fluid flow u = (u,, up, u,), to a system

of non-linear coupled ordinary differential equations

F'=F*_-G*+ F'H, (2.2)
G" =2FG+ G'H, (2.3)
H' = —2F. (2.4)

The primes denote derivatives with respect to the variable (. A unique solution to
the system (2.2)—(2.4) requires five conditions. These are provided by the initial

conditions

F(0) =0, G(0) =1, H(0) =0, (2.5)

and terminal conditions

Jim F(¢) =0, Jim G(¢) =0. (2.6)
With the solution specified, the limiting value of lim, ,,, u.(z) = —U, becomes,

under the transformation (2.1), the condition

lim H(¢) = —(vw) Y20, (2.7)

(—o0
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See Appendix A for more details.

Plots of the dimensionless quantities F', G, and H can be found in Figure 2.1. It
shows, that with increasing ¢, the tangential velocity component, G({), decreases
exponentially, the axial velocity component increases, though in the negative di-
rection. The radial velocity component, F'(¢), initially increases, but eventually ap-
proaches zero. At a distance from the disc surface near the value of ¢ = 3.6, cor-
responding to z = 3.6(v/w)!/?, the quantity H(() reaches 80% of its ultimate value
of Uy, and G(¢) decreases to 5% of its value at the disc surface. This layer, adjacent
to the rotating disc surface, is the hydrodynamic boundary layer, the thickness of
which we denote as &, so that dy = 3.6(1/w)'/2. Within this layer, the tangential and
radial velocity components are not zero, and beyond this layer, the flow motion is
primarily axial. The disc as been assumed to be of infinite extent. For a finite disc,
the edge effects of the disc are negligible for the central flow, up to a few boundary

layer thicknesses away from the edge.

In the rotating disc flow, the material is transferred from one location to the
other through the combined processes of diffusion and advection. Diffusion is due
to the random movement of particles from high concentrations to lower concentra-
tions, while advection, is due to the particles being carried along with the motion
of the fluid itself. Also called advection-diffusion, its derivation comes from a basic
application of the conservation of mass. In this case, the quantity P = P(x, t) is the
mass per unit volume or the concentration ¢ = ¢(x, t), while the corresponding flux,
Q = Q(x,t) = uc — DV, has units of mass per area per time. The first term, corre-
sponding to the motion of the material due to the velocity field u, and the second
term is due to the diffusion of material from regions of high to low concentration,

with diffusivity D. The expression for the conservation of mass is

oP
S tVeQ=ER (2.8)
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Figure 2.1: Components F'(¢), G(¢) and H (¢) of the system (2.2). This results in the
asymptotic value of lim,_,., H({) = —a =~ 0.884919.

which is the advection-diffusion-reaction equations, where R = R(x,t) is the rate
of production (R > 0) or consumption (R < 0) for the given quantity c. For an
incompressible fluid, so that V o u = 0, and no production or consumption of the

material (R = 0), equation (2.8) becomes

g;—FHOVc—VO(DVc):O. (2.9)

Further simplification can be made if we assume D is constant and in a steady state

so that dc/0t = 0. In cylindrical coordinates and using these simplifying assump-

9



2.1. CrassicaL LevicH CHAPTER 2. THE RDRV

tions, equation (2.9) takes the form

2 2 2
dc  ugOc c%:D(@c 0°c 10c 1(‘90). (2.10)

or T o0 T TV a2 Tar Trar TR o

To reproduce the classical result due to Levich [ 23], we assume that the concen-
tration is only a function of distance from the disc surface, z, and doesn’t depend on
either the radial or angular coordinates  and 6. This reduces (2.10) to the classical
problem

I
dz dz2

Uy

c(0) =0, lim ¢(z) = Coo, (2.11)

Z—00

where ¢, is the concentration of the substance in the bulk solution, and the con-

centration at the disc surface is set to zero. Integrating once yields

de 1 /=
L= Aj exp (D/o u,(w) dw) (2.12)
and once again to get
z 1 T
c(z) = Al/o exp (D/o u,(w) dw) dz + As. (2.13)

Considering the set boundary conditions, since ¢(0) = 0, Ay = 0. In a similar fash-

ion, letting lim,_,, ¢(2) = co we find

00 1 T
Coo = Al/ exp (/ u,(w) dw) dz, (2.14)
0 D Jo

and consequently

(2.15)
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An expression for the magnitude of the mass flux at the disc surface is now given
by
-1

= Dcy </OOO exp (11) /Ox u,(w) dw) dx) . (2.16)

To calculate this improper integral, we will divide it into two regions, one within

dc
et D R —
J 0z

z=0

the boundary layer, and one beyond

o 0 1 T o0 1 x
ih = /0 ’ exp (D/o u,(w) dw) de+ exp (D/o u, (w) dw) dx. (2.17)

do
]1 12

For evaluating the first integral, we will use an asymptotic expansion for u, near
z = 0, see Appendix A, expression (A.26), and neglect the higher order terms so

that

u,(z) = —ay w—3z2 + O((w)3/2 z3> (2.18)

where a; ~ 0.510232618867. Plugging this result into the first integral gives

o 1 T 1}
I = /  exp </ u(w) dw) dz ~ / "exp <—CL1D_1V_1/2W3/2$3> dz.  (2.19)
0 D Jo 0 3

To further simplify first let s = (a;/3)/2D~1/3,~1/6w'/23 and note that for A = O(1),

5o = A(v/w)'/?, we have'

I

12

1/3 5
(3) / D1/3V1/6w—1/2/ e ds, Y (al)l/3 (V)l/g_ (2.20)
aq 0 3 D

For an aqueous solution, the kinematic viscosity of water is v = 107% m?s™!,

and the diffusion coefficient of molecules dissolved in the liquid are in the range of

'The thickness of the hydrodynamic boundary layer is defined as that distance where the velocity
reaches 80% of its limiting value, or u,(dy) = 0.8lim,_,+ u,(z). This corresponds to A ~ 3.6.

11
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1071 m2s7! < D < 107" m?s7!,sothat4.64 x 1072 < (D/v)'/3 < 10~*. For the upper
bound of the integral, the dimensionless ratio v/D = O(10?). Since \(a,/3)'/? =
O(1), and the integrand decreases rapidly, we can replace this the upper bound
with infinity, effectively losing the dependence on the boundary layer thickness.

Through a change of variable and integration by parts,?

[Tetds =< [Temthdr= [Teittar =T () , (2.21)
0 3 Jo 0 3

and we have that®

3\ /4
I ~ () r (3) DY M6, 1/2, (2.22)

3]

A similar strategy follows for evaluating the second integral, corresponding to
the region beyond the boundary layer. For this term, the approximation for u, is
taken as z — co. From Appendix A, expression (A.34), the asymptotic expansion

for u, as z — oo,
us(2) = —ay/vw + O e @) a = 0.884919. (2.23)

In this case, the estimate for I, becomes

00 1 T 00
[2_/50 exp (D/o uz(w)dw> dx:/{so exp (_aDwa> dx

D
— 7ef/\oa//D.

AN/ VW

(2.24)

As discussed earlier, for v > D, which is the case for most water based solutions,

= fooo e Tz L dz, Rz > 0.
1/3
*Note that () T (%) = 1.61166.
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the value of I, is negligible comparing to I;, so it is justified to state

0o 1 x 3 1/3 4
/ exp (/ u,(w) dw) dr ~ () r () D34 /6,=1/2, (2.25)
0 D Jo 3

a1
The expression for the magnitude of the mass flux, (2.16), simplifies to

1/3
gc N MDW?’V*V%V%W (2.26)
¥4

(= s N7 VEy

2=0

which is the classical [23] result due to Levich.

From Levich [23], the thickness of the diffusion layer, §, is defined by setting
0c/0z|.—o ~ cs /8, and from both (2.15) and 6y = A(v/w)'/?,

1/3 AN 1 /D 1/3 1/3 4N 1
5o Iy~ (3) r () - ( ) 5o, (3) r () D~ 0.447683.  (227)
ay 3/ A\v aq 3/ A

We see that for aqueous systems this diffusion boundary layer, 9, is thinner than
the hydrodynamic boundary layer, dy, adjacent to the disc surface. An interesting
feature of the diffusion boundary layer in a rotating disc flow setting, is that its
thickness does not depend on the distance from the axis of rotation. It has the same
thickness for the entire surface of the disc, except near the edges. This behaviour is

termed a uniformly accessible surface from a diffusional standpoint.

2.2 An Electrochemical Interpretation

Another example of von Karman swirling flow at work is the rotating disc electrode
(RDE). The rotating disc apparatus is a hydrodynamic device used in voltammetry,
a subcategory of electrochemical methods in which information about the analyte
(the chemical compound of interest) is obtained, by measuring the electric current

as the voltage (electric potential) is varied. The spinning disc introduces convection

13
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into the chemical cell, and as long as the rotational speed is within a certain limit,
it creates predictable laminar flow across the surface, as described in the previous
section. This method is used in electrochemical studies when investigating reaction

mechanisms related to reduction/oxidation chemistry.

The RDE is the working electrode used in a three electrode system. The work-
ing electrode makes contact with the analyte, applies the desired potential in a con-
trolled way, and facilitates transfer of charge to and from the analyte. The second
electrode is the standard/reference electrode, acts as reference in measuring and
controlling the potential of the working electrode. It has a known and constant po-
tential, and no current passes through this electrode. The third electrode passes
all the current needed to balance the circuit at the working electrode. The work-
ing electrode includes a conductive disc (typically platinum or gold) embedded
in the top face of a rod of insulating material such as Teflon, epoxy or resin, that
can be attached to an electric motor. In this arrangement, the solution is brought in
contact with the surface of the electrode, and as the result of the rotation it moves
away from the center of the electrode in the radial direction, toward the edge of the

cylinder. The configuration is shown in Figure 2.2.

The result is a laminar flow of analyte toward and across the electrode. Pro-
vided that the rotational speed is low enough, the laminar flow can be maintained
and predicted. This flow is a von Karman flow, as in the previous section, and the
convection-diffusion equation in cylindrical coordinates can be used to solve for the
reagent concentration that indicates the number of electrons. The flux of electrons
to or from the electrode surface, due to the reactions occurring at the electrode, cre-
ates a current, i. In this setting, with a fixed rotational speed of angular velocity w,

a steady-state velocity profile is quickly attained. By using Fick’s law of diffusion

14
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reference rotating disk
electrode counter
electrode
|
5 [ONCXO!
solution @
volts

Figure 2.2: The rotating disc apparatus for a three electrode system.

and the boundary conditions, the current is given by

i —nFaD 2¢ (2.28)
0z 0

In this expression, c is the concentration of the reducible analyte in the bulk of the
solution measured in mol m~—3, n is the number of electrons involved in the electro-
chemical reaction, F' = 96485.3321 C mol~! is the Faraday constant, A is the electrode
surface area measured in m?, and D is the diffusion coefficient of the solute species
expressed in m?s™!.

On the other hand, the total flux of a quantity is defined as the rate of flow of

the quantity per unit area and is given by

J=cu—-DVc (2.29)

consisting of a term regarding the advection of material due to the fluid velocity
u and a term due to diffusion. Within the hydrodynamic boundary layer, the axial

fluid velocity is negligible so that the total flux is effectively only due to diffusion.
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This is consistent with how the current ¢ is measured considering the number of the
electrons passing per unit surface area which the concentration gradient is based.
For the concentration profile, the convection-diffusion equation is used as in the
previous section and in the steady state, the equation reduces to

dc d%c

D= = i = Coo- 2.
5 D822’ c(0) =0, lim ¢(2) = ¢ (2.30)

u
Z Z—00

Combining the solution of (2.30) and finding the magnitude of the limiting flux

given by (2.26) with the expression for the current (2.28), gives

1/3
Qe %nFADQ/SV_l/ﬁwlﬂcoo ~ 0.620nFAD?3,= Y6, 2¢ (2.31)

where 7 = ;. denotes the limiting current. The electric current created is directly

proportional to the electrode area of the disc.

2.3 Beyond Levich

By fixing the chemical system (we will choose the carbonate system) sources and
sinks of the various chemical quantities may change the standard result as pre-
dicted by Levich. In the classical Levich solution for the rotating disc, the disc is
treated as an impervious surface and not as a surface that is undergoing dissolu-
tion. In addition, the original derivation has no connection to any particular chem-

ical system.

The Levich equation is used extensively for RDE experiments. In order to ap-
ply the theory, while remaining cognizant of the dissolution process, the surface
boundary condition needs to be revised. Contrary to the classical Levich deriva-

tion, the concentration of the critical species at the dissolution surface is not zero
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so that

c(S(t),t) = co, S(0) = 0. (2.32)

where S(t) denotes the position of the dissolving surface as a function of time. The
substance at the surface has a maximum concentration. In the bulk, before dissolu-
tion begins, the concentration would be zero. That is,

lim ¢(z,0) = 0. (2.33)

Z—00

What was defined previously as the horizontal axis where z = 0 would require an
additional expression that captured the moving boundary. This is known as a Stefan
condition, and is effectively a result of mass conservation applied at the dissolution
interface.

These aspects will be explored in Chapter 4 but first we consider the carbonate

chemical system in detail so that it can be incorporated into the dissolution process.
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CHAPTER

THE CARBONATE SYSTEM

3.1 Aqueous Carbonate Solutions

Carbon dioxide, with the chemical formula of CO,, is a colourless gas which makes
up less than 0.05% of the gases present in the Earth’s atmosphere. Natural sources
for CO, includes ocean release, respiration, organic matter decomposition, forest
fires, and volcanic eruptions. It is also added to the air via human activities such as
burning fossil fuels, and agriculture. The concentration of CO, has been substan-
tially increasing since the industrial revolution [38]. For 800,000 years prior to this,
the level had remained relatively constant at about 320 ppm (parts per million) and
has been steadily increasing since the the 19 century to 413 ppm in 2020.

Since it is a water soluble gas, CO, is also present in groundwater, rivers and
lakes, ice caps, glaciers, and seawater. CO, is a greenhouse gas that absorbs the long
wave radiation in the atmosphere from sunlight and releases it gradually over time.
Another reason for the global significance of carbon dioxide, is its reaction with

water molecules producing carbonic acid, and lowering the ocean’s pH. Since the
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start of the Industrial Revolution, the pH of the ocean’s surface waters has dropped
from 8.21 to 8.04 [ 13]. This drop in pH is called ocean acidification.
The number of H' ions present in a solution is the measure for acidity or basicity

of the solution, and is defined as
pH = —logyo[H"]. (3.1)

In H,O, pure water, and at standard temperature (25°C), there are about 10" moles
of H' ions per liter ([H"] = 1077 M)! this corresponds to a pH value of 7, which
denotes a neutral environment. For an aqueous (water based) solution, the pH scale
typically ranges from 1 to 14, from strongest acid to strongest base.

The carbonate system is composed of a number of interrelated chemical reac-
tions which we now describe individually. Beginning with carbon dioxide, CO,,
this species dissolves into free surface waters open to the atmosphere and takes its

aqueous form CO,(aq). This is represented with the reaction
CO4(g) <5 COy(aq). (3.2)

This equality assumes an equilibrium. Once the molecules have crossed the phase
boundary, diffusion in the aqueous phase will distribute them throughout the fluid.
Their concentration can be modified spatially due to chemical reactions with the
other chemical species. A sophisticated treatment of these modelling aspects can be
found in the literature [36]. The solubility of CO, decreases with temperature and
increases with the partial pressure of CO,(g). For pressure up to 5 atm, the solubility
follows Henry’s law with a temperature dependent Henry’s constant, Kj;.2

From this point forward, all of the chemical components will be assumed to be

'The notation [-] denotes the concentration of a particular quantity in moles/litre or M.
2By Henry’s law, at a constant temperature, the amount of a given gas dissolved in a volume of
liquid is directly proportional to the partial pressure of that gas in equilibrium with that liquid.
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aqueous and therefore the notation (aq) will be dropped. Dissolved in the water, the
aqueous carbon dioxide, through a reversible slow reaction with water molecules,
H,0, forms carbonic acid, H,CO3, which rapidly decomposes to release hydrogen

ions, HT, and bicarbonate ions, HCOj3, through the reactions

CO5 + H,0 :: H,COs, (3.3)
HoCO5° 2% HY + HCO;3. (3.4)

Concurrently, CO, molecules react with hydroxide ions to form bicarbonate ions,

HCOj. This reaction is slow and reversible, given by

CO, + OH™ 2 HCO; . (3.5)

k_2

Subsequent to their formation, bicarbonate ions, HCO3, depending upon the pH of
the solution, dissociate into hydrogen ions, H*, and carbonate ions, CO%‘, via a fast

reaction
HCO; «%2 HT + COZ. (3.6)

Another source of hydrogen ions, H*, or hydroxide ions, OH™, is the dissociation

of water molecules
HoO &% HY 4 OH™ (3.7)
and the setting of the initial pH level through addition of either HCl or NaOH.

This series of reactions form the carbonic acid system. Through this system, the
absorption of CO, into the water increases the concentration of hydrogen ions, H,

and creates a weakly acidic environment.
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If calcite, CaCOs(s), also referred to as calcium carbonate, is present then, de-
pending on the concentration of CO3™ in the solution, it would either dissolve or

precipitate, by the reaction
CaCOy(s) €% Ca* + CO%. (3.8)

The solubility product constant,® Kp, describes the dynamic equilibrium state of
this reaction. K is used to describe saturated solutions of ionic compounds with
relatively low solubility. During the dissolution, the ions contained within the re-
maining undissolved solid are in a state of dynamic equilibrium with the dissoci-

ated ions. For the dissolution of calcite in water,
K, = [Ca®1][CO57] (3.9)

at the point where CaCOj3(s) precipitates out of solution. Calcium carbonate also

reacts with H* ions, to release CO, through
CaCOs(s) + HT — Ca®t + HCO; (3.10)
with an overall dissolution reaction that takes the form
CaCOs(s) + 2H' +— Ca*" + H,0 + CO, (3.11)

obtained by using (3.3) and (3.4). Calcium carbonate will also react with CO,

saturated water to form the soluble calcium bicarbonate

CE)COg(S) + C02 + HQO — Ca(HCOg)g, (312)

Kp is defined as the mathematical product of its dissolved ion concentrations raised to the
power of their stoichiometric coefficients.
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which encapsulates the major causes of ocean acidification when saturated with
CO,. This last reaction, relation (3.12), is also important in the erosion of the car-
bonate rock, forming caverns and karst landscapes, as well as leading to hard water

in many regions.

3.2 The Carbonic Acid System

Collecting together the reactions from the previous section, gives the basic carbonic

acid system which can be summarized as follow

COs(g) &5 CO,, (3.13)
CO, + H,0 k’é H,yCO3’, (3.14)
HyCO5° <24 HY 4 HCO3, (3.15)
COs + OH™ ;ﬁ HCO;, (3.16)
HCO; «%% HT + CO2, (3.17)
HoO &% H* 4+ OH~. (3.18)

The slower reactions are characterized by lowercase rate constants and the fast reac-
tions are given by uppercase equilibrium constants. The superscript ‘0’ on H,CO3°
refers to carbonic acid in equilibrium with both the bicarbonate ion and the aque-
ous carbon dioxide, and will be clarified below.

In reaction (3.13), CO4(g) is dissolved and either forms bicarbonate ions directly
through (3.16), or is effectively catalyzed through the formation of carbonic acid
in (3.14)—(3.15). Bicarbonate ions can then disassociate with (3.17) to form carbon-
ate ions. The final reaction, (3.18), is the equilibrium of water with hydrogen and
hydroxide ions. The overall pH of the reaction can be changed though the addition

of a strong acid or base, for example, HCl — H* + CI~ or NaOH — Nat + OH-,
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which effectively completely disassociate into their respective ions with either the
CI~ or Na* providing the charge balance. Any resulting reactions would have to be

included.

If calcite is present then there is an additional reaction
CaCOs(s) <2 Ca** + CO%™ (3.19)

which illustrates that as CaCOj;(s) is dissolved by (3.19), the calcium ions that are
injected into the solution are influenced by the carbonate ions already present, af-
fecting its solubility.

Variants on the system (3.13)—(3.19) appear in the literature. A closely related
system that neglects (3.16) and (3.18) is studied in [26] with respect to ocean acid-
ification, and it is shown that despite the seeming complexity of the system, there
is a natural decoupling of time scales due to the rate coefficients differing by many
orders of magnitude. All of the rate and equilibrium constants are temperature de-
pendent, but at this stage of the current work only their values at 25°C are used and
canbe found in Table 3.1. Expressions that include the full temperature dependence

can be found in Appendix C.

3.3 Charge Balance and Equilibrium States

3.3.1 Law of mass action

The law of mass action states that the rate of any chemical reaction is proportional to
the product of the activities, or concentration, of the reacting substances with often
each mass raised to a power equal to the coefficient that occurs in the chemical

k
equation. Consider, as a first example, the simple transformation, A kil B, with the
-1
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Table 3.1: Rate and equilibrium constants associated with the carbonic acid system,
and the dissolution of calcium carbonate.

Quantity (Q) Q(T =298.15K) Units Ref.

k1 2.62 x 1072 st [41]
k_q 2.67 x 10! 51 [41]
ko 8.42 x 103 M~ts=t  [41]
k_o 1.94 x 1074 571 [41]
Ky 4.49 x 10~ M e
Ko 4.68 x 1071 M [33]
Kw 1.01 x 10~ M? [17]
Ky 3.40 x 1072 Matm~! [33]
Kep 4.47 x 107 M2 [30]
corresponding differential equations
d(g’;” = —ki[A] + k_1[B], d(f] = ky[A] — k_,[B], (3.20)

and initial concentrations [A](0) = A and [B](0) = By. In this case [A] + [B] is

constant and equals Ay + By, and the equation for [A] becomes

d(gf] = —(kr+ k0)[A] + k1 (Ao + Bo), - [A)(0) = Ao, (3.21)

The solution to this set of equations is

k_
ki +k_y

[B](t) = Bo + Ao (1 — e’(klﬂﬂl)t) _

[A](t) = Age~ Ukt 4 (Ao + Bo) (1 — e~ batkr), (3.22)

k1

m(AO + By) (1—e (i) (3.23)

Ast — oo, the concentrations approach their limiting values,

A = Tm [A](t) = — =1 (Ay+ Bo), B = lim[B](t) = —

——(Ap+ B
t—o00 k‘l + k—l t—00 kl + k-l( 0 + 0)7

(3.24)
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and
(3.25)

Relationship (3.25) can be accessed directly with (3.20) by assuming equilibrium,

and finding the degenerate relation k1 A, — k_1 B = 0.

Now consider the more general reaction
aA+bB k’é cC +dD, (3.26)
-1

where k; and k_; are respectively the forward and backward reaction rate constants,
and a, b, ¢, d are the stoichiometric coefficients. This reaction gives rise to a conser-

vation law for each of the species given by

LA LB sy koo = 249 - LD 50y

Rather than solving for the time dependence, the equilibrium concentrations must

satisfy

e R . (3.28)

As mentioned earlier in Section 3.2, H,CO;° refers to carbonic acid that is in equi-
librium with both the dissolved carbon dioxide, and the bicarbonate ion. Because of
this, the equilibrium coefficient K; can be calculated from the other rate constants.
The confusion arises because there are two distinct values that are quoted in the

literature: (i) a true ionization constant, and (ii) an apparent equilibrium constant.
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In either case, suppose that (3.14)—(3.16), and (3.18) are in equilibrium so that

lﬁ[coﬂ = k,l[H2C030], kz[coz}[OHf] = k—2[HCO§]’ Kw = [HJFHOHf]- (3-29)

Combining these gives the true ionization constant for H,CO3°

[HF][HCO3]  k_iko »
K = _ K ~ 4.49 x 1074, 3.30
PTUH,COLY Rk Y 9 x (3.30)

The apparent equilibrium constant, due to most of the carbonic acid converting into

aqueous carbon dioxide, is*

[HF][HCO5] K
[COy + HyCO3Y kg + Ky

K| = Ky ~4.40 x 107", (3.31)

Applying the law of mass action to the chemical reactions given in (3.13)—(3.19)
yields a number of relationships amongst the various chemical species. Those re-
actions, with a given equilibrium constant, reach their state of equilibrium quickly

and give rise to the algebraic equations

[HF][HCO;4 ]
[HyCO5")

[H*][CO37]

Ky = HCO;|

K, = Kw = [H*][OH]. (3.32)

Rearranging these gives expressions for {OH™,H,C0O3% CO3™}, each considered a

rapidly evolving species gives

1 _ Kw o, _ [HT][HCO;] o—y _ K3[HCO4]
[OH ] - [H—W’ [H2CO3 ] - Kl ’ [COS ] - [H+] ) (333)
where [CO,] = Ky Pco,(g) if the [CO,] is in equilibrium. The slower reactions, which

have forward and backward rates, take more time to reach the state of equilibrium.

Using the law of mass action gives the set of expressions for the remaining species

4See Kern [20] for more details.

26



CHAPTER 3. THE CARBONATE SYSTEM  3.3. CHARGE BALANCE AND EQUILIBRIUM STATES

as

d[CO,]

= —k1[CO,] + k_1[H2CO05%] — ky[COL][OH] + k_5[HCO3],  (3.34)

d[?l:'_] = —y[COL][OH] + k_,[HCO3], (3:35)
CW = k1[CO,] — k_1[H2CO5°), (3.36)
ACOs) — 1 [cOu[OHT] ~ k_afHCO; . (3:37)

The set of differential equations (3.34)—(3.37), together with the algebraic equa-
tions (3.33), describe the evolution of the carbonate system given by (3.14)—(3.18).
The system is closed with an expression for [H*] which will be discussed in the
following section.

One final observation is a consequence of the decoupling into slow and fast reac-
tions. From (3.34)-(3.37) the conditions for equilibrium are k;[CO5] = k_1[H2CO3"]
and k,[CO3][OH™] = k_3[HCO5 |. However, from the fast reactions (3.33),

[H*] (k2[COLJ[OH "] — k_2[HCO;]) = ky Kw[COo] — koK1 [HoCO3']

ko IS ik oK
_ 2kW k1[COy] — 22221 H, O,
1 240\W
k
(3.38)

This implies that the carbonate system is in equilibrium if either of these conditions

are satisfied, since they imply one another.

3.3.2 Chemical activity

At high solute concentrations, typical of the acidization process, ion complexes

form between the dissolved molecules and ions. This inhibits the dissolved species
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from participating in the thermodynamic equilibrium. The consequence of this is
that the equilibrium constants depend not only on the temperature but also on the

ionic environment. This can be characterized by the ionic strength of the solution

1= 5 AIE, (3:39)

i

where ¢; denotes the electric charge of species A;, and the sum is taken over all of the
ion species. To model these Coulumbic interactions between ions, one defines the
activity of a compound A, denoted by (A), as (A) = ya[A] where y4 = va(I), known

as the activity coefficient of A, is a function of the ionic strength of the solution.

Up to this point we have used the concentration of a species in place of the activ-
ity which assumes an ideal condition of infinite dilution. Deviations from the ideal
condition are corrected with this activity coefficient and replacing the concentra-
tions with activities, or “effective” concentrations. In fact, when in thermodynamic

equilibrium, concentrations should be replaced by the activities.

Even though the large variation in the equilibrium constants dominates the
chemical behaviour of the carbonate system, there are a variety of models in the
literature that attempt to compensate for nontrivial activation coefficients. In the
model described by Kaufmann et al. [19], an extended Debye-Hiickel model is
used to account for the differing ion sizes. The natural limitation of using only this
approximation, limits this models applicability to only moderate ionic strengths
(I < 10" M). At higher ionic strengths (107! M < I < 0.5 M), other models are
applied, for example (Davies [10], Pitzer & Brewer [24, 32]). At their core, these
models correct the logarithm of the activity with a term proportional to the square

of the charge on the species, indicative of the electrical energy of the species. For a
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chemical species A,

logyoY4(1; A) = ¢°G(1), G(0) =0, (3.40)

where G is a continuous function, independent of the species. The function G pri-
marily depends on the ionic strength of the solution, and since G(0) = 0, v,(I; A) —

las — 0.

Using the chemical activity to define the equilibrium values

(H")(HCO3) (H")(CO37) NOH-
K, = K, = Kw = (H")(OH™). 3.41
LT (HCO0) T (HCO;) * % (HT)OR) (341)
From the definition of the activity coefficients,
2[4+ - + 2—
71[H ][HCO3] WZ[H ][CO3 } K, 27+ -

Absorbing the activity coefficients into the rate constant defines a compensated
equilibrium constant. For the specific reactions in this paper, using 7, = 1, and

Yo = 7{ from the form of (3.40), gives

Ky _ [HT[HCO; ] K> _ [HM)[CO5] Kw _
Ki=—="ca0 Ki=—="m57 Ky=-— =[H"OH
1 '7% [HQCOgO] 2 ,yil [HCO3] % 7% [ ][ ]

(3.43)

where 7, is determined experimentally. In the absence of experimental data, and
since this is a secondary effect,’ a value of 7, = 1 is used in all of the numerical

solutions. To denote this effect, a superscript c is used throughout.

>This is secondary in comparison to the variation of the equilibrium values over many orders of
magnitude in this chemical system.
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3.3.3 Charge neutrality and equilibrium conditions

To ensure that there is no net charge on the solution, all of the positive charges
must balance the negative charges. If we consider the carbonic system with ini-
tially added [CI™ ] to specify the initial acidity of the solvent and the experimental

environment, then the charge neutrality condition is
[H*] + 2[Ca**] — [OH™] — [HCO5] — 2[CO3 ] — [CI"] = 0. (3.44)
By using the expressions for the rapidly evolving species (3.33) with the activity

compensation notation in (3.43)

N oy Kfy  Kf[HyCO3°]  2K{K§[HyCO5°]
S N T T

[CIF]=0.  (3.45)

The dependency on the calcium comes from the solubility product (3.9) written in

the form

My _ Ky

= 1co] < ez

(3.46)

where 0 < A\ < 1 is a slack variable corresponding to the extreme cases of A = 0
(no calcium) and A = 1 (saturated calcium). Incorporating (3.46) into (3.45) gives
a fourth degree polynomial in terms of [H*]

2AK p[H ]

KK +[HT]? = [CIT][H')? — (K + K) [HY] — 2K5K =0 (3.47)

with K = K¢[H,CO3°] = [H*][HCO;3].
Equation (3.47) does not only depend on [H*], and to achieve this, further as-

sumptions are required. At this point we assume that the chemical system (3.34)-

(3.37) is at equilibrium, so that k;[CO,] = k_;[H,CO3°] (see equation (3.38)) and
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that the species are well mixed®, which implies that [CO,] = K1 Peo,(g) throughout

the domain. With these additional assumptions

k k
IC= k—lle[COQ] — —22K§VKHPCO2(g) = Kp, (3.48)

a constant depending on the pressure level, Pco,(g). For a given partial pressure
of COy(g), the polynomial (3.47) gives the corresponding equilibrium hydrogen
concentration consistent with the carbonate system.

Two situations are of interest, the case with no calcium in solution, A = 0, and
the case when the solution is saturated with calcium, A = 1. Before starting this
analysis, it is instructive to estimate the size of the coefficients in (3.47) with I =
Kp. For a pressure of 1 atm and 400 ppm of CO,(g) one has Kp ~ 5.99 x 102 M? or
log,q Kp = —11.22.

Figure 3.1 shows the equilibrium concentrations of the various ionic species
when there is no calcium in the solution (A = 0), and [CI7] = 1072 M. The equi-

librium concentration of [H*], denoted by [H*], to indicate A = 0, satisfies
[HJ5 = [CIPHY]G = (K + Kp)[H*]o — 2K5Kp = 0. (3.49)

Viewing the solution as a function of Kp, there are two distinct regions with a
transition point that depends on [CI~]. In the low pressures region, Kp < Kpy =

[CI7]/2 4 ([CIT]?/4 + K¢)'?,
[H*] ~ max{[CI7], (K¢ + Kp)*/?}, (3.50)

and balances with [CI~].” The concentration of other negative ions, [HCOj3 | and

[CO3™ ] arenegligible, though they increase with increasing pressure. Finally, [OH™]

°If there is a spatial dependence then Ky Pco, () = [CO2] only at the fluid-gas interface.
7For small amounts of CI~, [CI7] < 2(K{ + Kp)'/2, we have the estimate [H*] ~ (K{§ + Kp)'/2.
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Figure 3.1: Concentrations versus Kp = k’%Kﬁ,K 1 Pco,(g) in a calcium free carbonic
solution with [CI7] = 1072 M.

remains constant so that the product [OH~][H"] = K. Quantitatively, at log,, Kp =
—11.22, (pressure of 1 atm with 400 ppm of CO4(g)),

KC
[H*]o ~ [CI7] = 1.00 x 1072 M, [OH ] = =Y —1.01 x 1072 M,
[H*]o
" e (3.51)
[HCO;] = — =599 x 107°M, [COZ]==-2"=281x10"""M

[H"o CE

with an ionic strength of I = 1.0 x 1072 M2. In the high pressure regime, Kp > Kpy =
[CI7]/2+ ([CI7]2/4+ KG)Y/2, [H*] balances [HCO3 ] and [H*] ~ Kp/?. In this regime,
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[CO3™ ] remains constant while the [OH~] decreases to match the increasing [H™]

level.

All of the above analysis has assumed that [Cl~] determines the chemistry. In
natural waters, [Cl™] is typically near zero, so this situation should be carefully de-
lineated. When [CI7] = 0, carbon dioxide gas, CO,(g), plays a much more dom-
inant role and it is the corresponding value of Kp that determines the solutions
maximum pH. Further increases in pH are possible, but would require the addi-
tion of another chemical, such as NaOH. This possibility lies outside the current
model. In the case of no added calcium, (K + Kp)'/? < [H*], < [CI7], so that
—log[CI7] £ pH < —3log(Ky, + Kp). For a pressure of 1 atm with 400 ppm of
CO4(g), this gives an upper bound on the pH of 5.61. For 0.97 atm of CO4(g), we find

pH < 3.92. In this latter case, the associated characteristic concentrations are

C

K
[H o ~ (K + Kp)/?2 =121 x 107" M, [OH7] = —% =840 x 107" M,

[HCO;] = [ff] =121 x 107* M, [CO2 ] = ﬁf](g —468x 107" M
0 0

with an ionic strength of = 1.2 x 107* M*.

The situation when the solution is saturated with [Ca?*] (A = 1) is described in
Figure 3.2. This differs significantly from the previous case due to the coupling of
the CO3™ ions with both the Ca** and the rest of the carbonate system. In this case

the equilibrium concentration of [H*], denoted by [H"|, satisfies

2K,

- [HF)L + [HY]2, — [CH]HY2, — (K + Kp )[H]w —2K5Kp =0,  (3.53)
KQKP —_ Y——— ~~ ~ ~——
v [HF] [ci-] [OH™]  [HCO;] [c027]

where their associated ionic species is represented below each term. Four regimes
exist in this situation [3]. The corresponding chemical balances are observered in

Figure 3.2. For low pressures, as seen in the figure (region I), [Ca*"] ~ [OH], the
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log | OConcentration

Figure 3.2: Concentrations versus Kp = k%KvaKHPcoz(g) in a saturated calcium

carbonic solution with [CI7] = 1072 M. The [HT], curve is also indicated with a
dashed line for comparison.

calcium ions balance hydroxide so that

2Ky KsKg Kp\
— P HYL ~ Ky[H o Ht oo ~ | =22 :
RELTL ~ Kl — (W]~ (S (354)

or [H | =0 (K 11/ 3). The balance of the other species follow from the equilibrium
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equations (3.43), (3.48) giving®

[OH7]

13 o 2/3 21 _ 1/3
(’)(KP ) [HC03]—@(KP ) [CO57] O(KP ) (3.55)
2] = 0Kz 7).

Further increasing Pco, () causes the [Ca?*| to balance with [CI~] in region II, imply-

ing that
2Wsp (gt QT T~ (SO
K§sKp ° > > 2K, '
or [H"],, =0 (K 4 2). Again, by using the equilibrium relationships,
[OH] = O(K;'?), [HCO;] = O(Ky/?), [CO37] = O(Kp), 357)

[Ca**] = O(K}).

Continuing with the increase in pressure, the calcium begins to balance with the

bicarbonate ions in region III, and

2K, KsK3\"?
P [HH]4 ~ KpHY]. — H+oo~< ; P) 3.58

or [H"],, = O (K 13/ 3) . This is the same limiting behaviour when the concentration of
chlorine is low. That is, when [CI7] < (2K, Kp/K$5)'?, [H ] ~ (KSKZ/(2Ksp))'>.

Consequently in this region,

OH] = O(K; "), [HCO;] = O(K3?), (€03 )= O(K; '),

(3.59)
O(K").

[Ca®"]

In the highest pressure regime, region IV, the calcium ions are suppressed resulting

81f [H*]oc = O(K}P) then [OH™] = O(K; "), [HCO3] = O(Kp™™), [CO37] = O(Kp~>"), and
[Ca?*] = O(KZ" ).
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in a balance between [H*] and [HCO3] and
[HH)2, ~ Kp[HY]oo = [HY]oo ~ K3 (3.60)

resulting in a reproduction of (3.57).

The transitions between these various behaviours are characterized by particu-
lar Kp values, KIQQ) < Klg%) < K1g34) where the superscript indicates which tran-
sition. For example, K§"? indicates the Kp value marking the transition from the
first to the second region. An approximate estimate of each value can be obtained
by equating the behaviour for each of the regions. For example, where the first and

second regions overlap,

1/3 1/2
KSKG K2 / KS[CIm K §? / 02 2K Ky 261
2K ~ 2K = Hp "~ (3.61)

sp K2C[C|_]3 .
A careful analysis of the asymptotic expansions results in the relationships

2F02) K K
Ks[CI]3 7

(23)Kc Cl-13 4 (34)K2
e e 1S 1y KPY = A P (3.62)

2K,

K02 _
P o KSQ

with
fU2 ~ 7723474474, @ ~ 01294754069,  fBY ~2.041336172.  (3.63)

The details can be found in [3] and reproduced in Appendix B.

) gl

Examining K, 192 , P23), and K, 1§34), it is apparent that the second region increases

as the amount of [Cl7] increases (to increase the acidity). The nominal value of

[CI7] = 1072 M gives

K3 =151x 1077, K =678x107 KPPV =747x 10" (3.64)
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In addition, as stated earlier, for 400 ppm of COy(g) in 1 atm of air, Kp ~ 5.99 x
1072 M? or log,, Kp = —11.22, so the system is well within the second region. This

gives the estimated ionic concentrations of?

N 1/2
K5Kp[CI] s L K _7
[H ] =~ ( 2 ) =1.77x107°M, [OH7] = ~5.72 x 107" M,
2K, [H ]
K KSK,
[HCO;] = ——— ~3.38 x 107* M, [COZ =22 ~ 894 x 1077 M,

[H]e

—

HT]Z

(3.65)

with an ionic strength of I = 1.5 x 1072 M?, and with a corresponding pH = 8 —
log,, 1.77 = 7.75. When [CI~] drops, the pH, in this case, to rise to its maximum
of pH = —3log,o(K$K3/2/Ksp) = 8.24. When [CI™] drops [HT], is determined by
CO4(g). Corresponding to (3.65) with 0.97 atm of CO4(g),

KCK2 1/3 K¢
H]o ( 2;( P) =1.03x10°°M, [OH] = [Hj]v ~9.80 x 107 M,
sp o0 3.66
— Kp -2 2— Kng -7 ( )
[HCO;] = ] ~ 141 x107* M, [CO; ] = H2 ~6.36 x 107" M

with an ionic strength of I = 2.1 x 1072 M?
The estimate for [H'], gives a corresponding maximal Ca** concentration. There

are two cases, depending on the level of [Cl™]. In particular, this estimate is

Ko Kgp[HTZ

C >t max — -
[Ca™] [CO%] ~  K$kp
[C;]’ [le] > FCa2+7 2KPKSP 1/3 (367)
~ FC o Ca2t = (Kg ) .
28 ) [CI_] < I‘CaQ‘h

Associated with (3.65), [Ca?T] =~ [CI7]/2 = 5.00 x 1073 M, and from the values

max

in (3.66), [Ca**] .. ~ [HCO3]/2 = 7.03 x 10~* M In either case, throughout the four

max

9The exact numerical values are [H"], = 1.80 x 1078 M, [OH"] = 5.62 x 10~7 M, [HCO;] =
3.33 x 104 M, [CO27] = 8.65 x 10~7 M, [Ca®*] = 5.17 x 10~3 M.
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regions, [H*] increases while [OH] decreases with rising pressure.

3.4 Natural Scalings

One of the difficulties when analyzing chemical processes within the field of ap-
plied mathematics is to find an appropriate scaling for each of the chemical species.
For the carbonate system, there are essentially two extreme equilibrium states. The
first is when there is no calcium in solution, and the second is when the calcium is

saturated, at its solubility limit. All other cases lie between these two extremes.

We close this chapter by comparing the two equilibrium states for the pressure
levels and range of [CI~]. From the results of (3.51), (3.52) and (3.65), (3.66), [H"]
should be scaled with [H*]o, since this is largest value that it can attain. For all the

other chemical species the largest values are found with using [H"].

Considering the reaction equations (3.34)—(3.37), we only need to consider the
ionic species H*, HCOj3, and Ca**. The amounts of the remaining species are avail-
able through the equilibrium expressions (3.33) and the structure of (3.34)-(3.37).

In particular,

(i([OH]+[HC03]>:O, (i([COQ]+[H2C03°]+[HC03]):O, (3.68)

so that considered only as a function in ¢,

[OH™](2) = [OH7](0) + [HCO,](0) — [HCO, (1), (3.69)

[H2C0O3%)(t) = [H2€05")(0) + [HCO3](0) + [CO.J(0) — [HCO3](t) — [CO](t). (3.70)

A natural scaling for the concentration of CO, is the partial pressure of CO,(g).
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Collecting all these scales together gives

[H*] = [H]oh, [HCO5 | = [H+]oob7
Kop[H']2 o
(Ca) = B2 (€O = Koo

where {h,b, c,u} are the corresponding dimensionless species.

With respect to these scalings, the charge balance relation (3.44) becomes

2 2>\KSP[H+]§OC B Kp - [CI7] . Ky 2K§Kp b0
K§Kp[H']o ~ [H']o[H"]c ™ [H]o HT5 HYBH
(3.72)
where for [CI~] = 0.01 and 400 ppm of COy(g),
2Ky [HT]2 Kp [CI7)
—P__>© ~103, ————— ~333x1072, ~1,
K5 Kp[HT, [Ho[H T, (373)
Ky 1.01 x 10710 _2ake 3.12 x 10712,
[H*]3 - [HTH )
and for [CI7] = 0 and 0.97 atm of CO4(g),
2Ky [HT]2 Kp [CI7)
P 0~ 117 x 10, o ~ 1,17 x 107, ~0,
K5 Kp[H7, [H7To[H [, (3:74)
iy ~6.97 x 1077 ﬂ~109x10—8 |
HT]§ ’ HJ3H ) '

It is an easy exercise to extract the original two equilibrium states from (3.72)-
(3.74) by setting

k2 [CO5][OH™] = k_5[HCO3], [H*]obh = [HT s, (3.75)

the second expression in dimensionless variables. In equilibrium, the solution is

saturated with COs(g) (u = 1), and we have [H*]pbh = [H*].. In the case of no
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calcium (¢ = 0) and [H*] = [HT]o, (h = 1) then b = [H"]/[H"]o and (3.72) be-
comes (3.49). In the case of saturated calcium (¢ = 1) and [H"] = [H"]., (h =

[H"]o/[HT]o) then b = 1 and (3.72) becomes (3.53).
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CHAPTER

THE ADVECTION-DIFFUSION-REACTION

MOoODEL

4.1 Whatis the ADR Model?

An advection-diffusion-reaction (ADR) model is used to model the flow of material
as it undergoes changes due to its advection through the surroundings, diffusion
into the domain, and reactions within its environment. Diffusion is the movement
of a substance (molecules or particles) from an area with a high concentration to an
area with a low concentration, while advection refers to the transport of a substance
or quantity by bulk motion. If we denote the amount of substance per unit volume
as P, with a corresponding flux' Q, then the rate of change of the material® is given
by 0P/0t + V o Q. The advective and diffusive behaviours are captured by this flux

and the equation governing the time evolution of the quantity undergoing these

'The units of flux are quantity per unit area per unit time.
2This assumes that the quantities are sufficiently smooth so that these derivatives exist.
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processes. For a conserved quantity, there is no net change of the quantity over time
so this expression would equal zero. For our process, the chemical reactions provide
another source of creating or removing material. These reactions, that are specific
to the chemical reactions, replace the zero in these non-equilibrium processes. The
specific terms for the carbonic system are (3.34)—(3.37), derived in the previous
chapter through the law of mass action.

For the carbonic system, the quantity under consideration is the amount of each
chemical species, so that P = c corresponds to the concentration. The correspond-
ing flux, in the dilute limit, which includes both advective (due to the motion of
the fluid), and diffusive (with diffusion coefficient D) terms is Q = cu — DVe.

Assuming that the fluid is incompressible, and has uniform density,

oP Jc
E—FVOQ:EnLuOVc—VO(DVc):R, (4.1)

where R stands for changes due to reactions that may add or remove a particular

chemical species.

4.2 ADR Model for the Carbonate System

In the experimental setup, a sample of CaCOj3(s) is attached to the surface of a rotat-
ing disc, within a reaction vessel, containing a fluid of a given acidity (determined
by HCl), and prescribed partial pressure of CO,. The disc spins at a constant angu-
lar velocity w, creating a von Karman swirling flow that fans out over the surface of
the dissolving sample. The surface of the CaCOj;(s) dissolves as it rotates, and the
ionic components are transported into the bulk.

Figure 4.1 shows the domain of interest, (2, fluid flow streamlines, and some of
ion species in the solution. The domain is bounded by €2 = I's UT' UT' consisting

of I's, the free boundary of the dissolving sample, I',, an inflow boundary where
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Figure 4.1: General features of the domain, €2, within the reaction vessel.

the well mixed fluid enters, and I'g, an outflow boundary where the fluid leaves.

Throughout the domain, the presence of CO, in the solution, as well as the initial
acidity, determined by adding HCl, creates the initial conditions for the carbonate
system in the vessel. Dissolution of a CaCOs(s) disc disperses both Ca?* and CO3~
into the solution. For the system under consideration, the Ca®>" does not react, but
CO3™ interacts with the other constituents which complicates the chemistry. The
dissolution of CaCOj;(s) can be modelled using an advection-diffusion-reaction as

described above.

Within the bulk, the solution is assumed to be well mixed, and the concentration
of the slowly evolving species are given by the system (3.34)—(3.37) in Chapter 3.

To include spatial dependence, we use a set of ADR equations. As discussed at the
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end of Chapter 3, the carbonate system in the presence of Ca*" can be described
by solving for the concentrations of CO,, HCO3, and Ca’*. Each of these species

defines a part of a system of ADR equations

oU;
ot

+uoVU; — DZV2U1 = Ri, X € Q, t > O, (42)

where U = ([CO,), [HCO3 ], [Ca®"]) is a vector of concentrations, with corresponding
diffusion constants D = (Dico,, Dico; s Dic,2+1). The u denotes the von Karman
flow discussed in Chapter 2, and R = (Rco,; Ryco- , fc,2+) refers to the time rate of
change of these constituents based on equations (3.34)—(3.37) in Chapter 3. Con-

sidering (3.34), (3.37), and that there are no reactions involving Ca*" in the bulk,

Rco, = —k1[COs) + k_1[HyCO3°] — ky[COL)[OH™] + k_5[HCO;], (4.3)
RHCO; = ky[CO,|[OH™] — k—2[HCO§]a (44)
Rcper = 0. (4.5)

Associated with this set of ADR equations, are boundary conditions that repre-
sent the dissolving interface, and the conditions far from the interface in the well
mixed bulk region. The position of the dissolution interface, denoted by I'g, is a

function of time given by S(x, t) so that

F(x,z,t) =z —8(x,t) =0, z€ls. (4.6)

At this interface, the calcium concentration is saturated, and there is no flux of CO,.
This is because the dissolving surface only produces Ca** and CO; . For the level
of [CO,](S,t), we note that if n denotes the outward unit normal of the surface z —

S(x,t) = 0 then

Qon|. = ([COQ](X, tHhu(x) — Dsn[COQ](X, t)) on =0, x € I'g. (4.7)
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To find the concentration of HT at this interface, we assume a charge balance (3.45),

and use the associated value of [CO5|(S(¢), t). This results in the condition

4 koo Kp[H'? Ky koK [COy) 2k K K5 [COy)
ko KGKS[COs]  [HY]  kp [HY] k_, [HT]?

[CIT] =0, (48)

where it is understood that [H*] = [H|(x,t) and [CO,] = [COs](x,t), x € T's, and
[CI~] is constant. The level of [HCO3|(x, t) where x € I'g satisfies the assumption of
equilibrium?®

HCO e 1) = B0 ER e

x € T, (4.9)

given in Chapter 3, and from (3.65)—(3.67) the level of calcium at the dissolving

interface is

o), 1) = [Ca? g = iz MO0 1)

: x € Ig. 4.10
ko G KS[CO,)(x, ¢) 5 (4.10)

At the inflow boundary I', that is away from the dissolving interface, the chem-
ical species are again in equilibrium. The value of [Ca*"|(x, t), with x € T, is given
by the condition that the bulk calcium concentration is consistent with amount of

(well mixed) calcium that has dissolved. That is,

/A b G190, 0) = S(x 1) dA = [Ca”*](x, 1) dV (4.11)

Voll'eo

with ¢, being the density of calcium in CaCOj3(s) in units of M, d A is an infinitesimal
element of the dissolution surface, and V,, is the volume of the reaction vessel. The

amount of dissolved CO; is in equilibrium with the applied pressure so that

[COQ](X, t) = KHPCOQ(g)’ x €. (412)

3An equivalent condition is k1 [COs] = k_; [HQCOSO].
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The charge balance relationship (3.47) becomes

Wﬂ+2K¥ﬂ—wﬁ%—wf;—Qﬁﬁ§—ﬂ01=0, (4.13)

where it is understood that [H*] = [H'](x,t) and [Ca*"| = [Ca?t](x,t), x € Tw.
Using these values, the level of [HCO3|(x, t) satisfies

Kp

[HCO; |(x,t) = TRk

x € T'w. (4.14)

Finally, we require an expression that determines the motion of the dissolution
interface, which starts at = = S(x,0), and moves upward (95/0t < 0 for t > 0) as
material is dissolved. The dissolving interface is assumed to be flat so from (4.7) the
advective term contains only the axial velocity. However, at the dissolving interface
this velocity vanishes. Therefore, the motion of the interface, governed by a Stefan

condition, takes the form

0

2+]a—n[Ca2+] on, x €, (4.15)

(es = [Ca*"](x,1)) vn o = D,

where ¢ is the concentration of the calcium in the solid CaCOj(s) disc, and v,, = v,,n,
is the velocity of the interface. The condition (4.15) is a conservation law applied at
the dissolution interface. The flux of material, as it is carried away from the inter-
face, must match the jump in concentration as the material dissolves. This naturally
limits the speed at which this dissolution can occur. Generally, if 95/t denotes the

speed of the interface in the k direction, then

v,on = aafk on = u,. (4.16)

Since both the vessel and the rotating disc are cylindrical, we write these equations

in cylindrical coordinates, and assume cylindrical symmetry. Before doing this we
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will construct a set of characteristic sizes for all of the quantities.

4.3 Nondimensionalization

In Chapter 3, the chemistry of the carbonate system was considered for the equilib-
rium situations of ‘no calcium” and “saturated calcium’ environments for the pres-
sures and temperatures at which we are operating. This provides the insight to
identify the dominating reactions and determines how the chemical concentrations
should be scaled to capture both of these behaviours. Referring to the experimen-
tal conditions stated in Tables 3.1 and 4.1, the concentration of hydronium in these
two cases are [H]y = 1072 M from (3.51) and [H*],, = 1.77 x 1078 M from (3.65)
respectively.*

Referring back to Chapter 3, the scaling for the various chemical species is given

by (3.71) which is repeated here for convenience

H7) = W7k [HCOG) = b,
2+ Ksp[H+]§o (417)
[Ca } = 7KCKP C, [COQ] = KHPCOQ(g)u.
2

For the spatial and velocity scaling, we use the (2.1) from the von Karmén’s flow

that defines the fluid velocity for the experiment. Collecting these expressions here,

2= gg, S = ﬂs r = Ryf (4.18)
u, = rwkF(¢), ug = rwG((), u, = VvwH((). (4.19)

One of the purposes of the nondimensionalization procedure is to find dimen-

sionless collections of parameters that characterize the process being examined. In

4[HT]o is the equilibrium concentration of [H*] with no calcium in solution and [H*], refers to
equilibrium concentration of [H*] in a solution saturated with calcium.
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Table 4.1: Physical parameters for the dissolution process.

Data Symbol Units  Value Ref.
Calcium concentration within calcite Cs M 27.08 [30]
Chlorine concentration to set the initial pH [Cl ] M 1072 -
CO2(g) partial pressure in air at 1 atm Pco,(g)  atm 4.0 x 1074 -
Rotational speed of the disc w rpm 100 -
Kinetic viscosity of water v mZs~! 9.82x 1077 [21]
Area of the sample® TR2 m? L.15x 1073 -
Volume of the reaction vessel TR2H, m3 1073 -
Diffusion coefficient of CO, Dico,) m?s™! 2.07x1077  [48]
Diffusion coefficient of HT Dy m2s~t 931 x 1072  [46]
Diffusion coefficient of CI~ Dic-p m?s™t 203x1077  [46]
Diffusion coefficient of Ca®™ Dicgt) m?s™t 7.93x 1071 [46]

what follows, a few of these dimensionless collections arise naturally and will be

discussed in advance.

e The Reynolds number, Re, is defined as the ratio of inertial forces to viscous

forces within a fluid. It is helpful for predicting flow patterns and the level of

disorder within a flow. For this work,

2
Re = whty ~ 3.87 x 107,
1%

(4.20)

and is associated with the rotational velocity of the flow.

e The Schmidt number, Sc, is defined as the ratio of the momentum diffusivity

(kinematic viscosity)to the mass diffusivity. Physically, it relates the relative

thickness of the hydrodynamic and the diffusive boundary layers. A large

value of Sc indicates that advection dominates diffusion with respect to the

dynamics. In this process, we compute the Schmidt number with respect to

>The typical stone sample is 1.5 inches in diameter, and held within a 5 inch diameter reaction

vessel.
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the representative diffusion coefficient for the dissolved CO; and find that

v

Sc =

~ 474. (4.21)
[CO2]

e The Stefan number, St, in the current context indicates the relative velocity
of the dynamics of a process compared to the speed of an associated moving
interface. For the two cases discussed in Chapter 3, (i) a pressure of 1 atm
with 400 ppm COy(g) with [CI7] = 0.01, and (ii) a pressure of 0.97 atm CO(g)
with [CI7] = 0, expression (3.67) gives I'c,2+ = 1.05 x 107® and 1.41 x 1072

respectively. As a result,

<] -3 :
Ko [HT2 —— =5.00 x 107" M, case (i),
(Ca™ e = ;([(:K]oo N r2 (4.22)
2P C232+ =7.03x107* M, case (ii),

with corresponding Stefan numbers of

¢y — [Ca?max 5415, case (i),
e 3851, case (ii).

St =

A large Stefan number, St = O(10%), indicates that the dissolution occurs on
a much faster time scale than the rate at which the boundary is moving. This

type of situation is typically referred to as quasi-steady.

Returning to the process of determining effective scaling parameters, it is con-

venient to use the Schmidt number with the rotation frequency and take

Sc .
= —+¢.

; (4.24)
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4.4 ADR Equations in Cylindrical Coordinates

4.4.1 State equations

With the non-dimensionalized form of each of the species defined, the model can
be written in these quantities in cylindrical coordinates. Starting with the original

equation (4.1), repeated here for convenience,

ouU;
ot

The terms of this expression, written in cylindrical coordinates, and with the scal-

ing, become

8@? fuoV = ‘S*’Caa(t{i +w (fF(C) 8@? + H(C) %?) , (4.26)
and
- DAL (L) BT (1 () 9Tz
This facilitates the definition of the differential operator £ with
£f = g ok + PFOZ + HOBE - (f?jj) - Sig?;. (4.28)
For the reaction terms, starting with Rco,, using (4.3),
Rco, = —ki[COo] + k_1[H>CO5°] — Ryyco-
_ (Zﬁ';] 4 1) (ka[COLJ[OH™] — k_,[HCO;])
— (h ko Ky ) (KHPcoz(g)u B k_QIiP[HJF]Ob)
ki[H o h ko Ky [HT | o
_ _leHPCOQ(g)[[F'T:]]: (h + kﬁﬁ{o) <[[HHT]OOOZ _ b) . (4.29)
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Similarly for Ryico; , using (44),

Ryco; = k2[COs[OH] — k_»[HCO3] = ]E;iﬁ (W_;]]‘:Z — b) : (4.30)

and for R¢,z2+,

Reev = 0. (4.31)

From (4.29)-(4.31), and (4.28), the expression (4.26) becomes

Lu= " [[I'j:]]; (h 4 k’ﬁﬁ?o) ( [[*l'ﬁ]oooz _ b) , (432)
Ch = ’Z}? (&HH?]OSZ _ ) | (4.33)
Le=0. (4.34)

Finally, the Stefan condition that governs the speed of the moving interface satisfies

08 dc
St gk on=, xelg, S(x,0)=0, (4.35)

where an initial flat interface at z = 0 is assumed.

4.4.2 Non-dimensional charge neutrality equation

Associated with (4.32)—(4.23) is an expression for h that comes from the charge

balance. From the previous chapter, expressions (3.72)—(3.74), repeated here for

convenience,
2K, [H+]2 Kp [Cl]) K3 2KSKp

h? SpL_ Joo . b— h——W 2 b=0, (436
<K5KP[H+JO F T A7) "~ TR AL (43
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and for [CI7] = 0.01 and 400 ppm of CO4(g),

2K [HT2 Kp [CI7]
P 1© ~ 103, 0 ————— ~333x 1072, ~1,
K§Kp[HT]o [H¥]o[H" ] [H¥]o (4.37)
Kiy ~1.01 x 10710 _2HKp ~3.12 x 1072
[H*]3 T [HPB[H ]
while for [CI7] = 0 and 0.97 atm of COx(g),
2K [HT]? P [CI7]
P2~ 117 x10%, ——— ~ 1.17 x 107, ~ 0,
K5 Ke[H], [HJo[H ] [Ho (4.38)
Ky ~6.97 x 1077 Mwlowm—8 '
HY) ’ HT5H ] '

There are two conditions that play a special role in determining the state of the
chemical species. The first is the condition for equilibrium, that in Chapter 3 was
identified as either ky[COy][OH™] = k_»[HCO;] or k;[COy] = k_1[HoCO3 as they
were shown to be equivalent. Using the former,

H*]Oog

|
SCES

(from  ky[CO,][OH™] = k_5[HCO3]) (4.39)

with the second relation being the dimensionless form. This can be confirmed by
observing that this is the same condition that makes the right hand side of (4.32)-
(4.33) vanish. The second condition is when the fluid is saturated with [Ca®*]. This

condition (A = 1) corresponds to

cb = h, (from [Ca**][CO37] = Kyp) (4.40)

again with the second relation being the dimensionless form.

At this point we can reconstruct the dimensionless versions of the equilibrium
conditions detailed in Chapter 3. The first, corresponding to expression (3.49), oc-

curs when there is no calcium in solution, ¢ = 0, and the system is in equilibrium,
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[H"]obh = [H"]u. Placing these conditions into (4.36) yields
[HT]3h? — [CIT)[H1)2R? — Ky[HT]oh — Kp[H|ouh — 2Ky Kpu = 0. (4.41)

When the dissolved [CO,| is uniform, and equal to its value at the boundary of
the domain, then u = 1 everywhere. Expression (4.41), with v = 1, reproduces

equation (3.49), and therefore its solution is h = 1 or [H*] = [HT],.

The other extreme case is when the calcium is saturated, [H*],.cb = [H*]oh, and

the system is in equilibrium, [H*]obh = [H¥],cu. In this case (4.36) becomes

2KSP[H+]3 h4 +137,3 - +127,2 c + c
o [HY2h3 — [CIT][HT)2h2 — (K& + Kpu)[HY|oh — 2K5Kpu = 0 (4.42)
2

corresponding to (3.53). The solution when v = 1is h = [H*]/[H]o.

4.4.3 Boundary conditions

To uniquely solve the system (4.28), (4.32)—(4.23), requires a set of boundary con-
ditions. At the dissolution surface, I'g, the Ca?t concentration is saturated and the
solution is in a state of chemical equilibrium. Denoting the concentration of {[CO,,
[HCO3 ], [Ca**], and [H*]} respectively as wg, by, co, ho. At the interface I's, carbon
dioxide gas is neither produced nor consumed, so there is a no-flux condition at

this boundary

ou 0[CO;]
- 0, <from 5 0) (4.43)

expressed in the dimensionless scaling. The actual value of v, remains undeter-

mined at this point, as it will be chosen so that the condition at I' is satisfied.
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However, for any value of u, we can find using (4.36)—(4.40),

[H"Joo uo [HT)2 hd
by = — = — 444
0 [H+]0 h()’ Co [H+]go u(]’ ( )

with hy satisfying

2K, [HT]2 b K& \ h Kp 2K§
“BspMJo g HH1oh2 — [C1 1A — —W ) 20 h 21 =0. (445
KSKp  u? + ([H7Jofo = [C17ho H*]o ) uo  [HY]o ot [H]o 0. )

At ', the boundary far away from the dissolution surface, we assume a state of
equilibrium. Let uo., boo, €0, oo denote the concentrations of the chemical species,

in dimensionless coordinates at I',, with a similar correspondence so that

[H]o 1
U = 1, b“::[HﬂoE;" (4.46)

The value of ¢, depends on the amount of dissolved Ca?*. Using (4.11),

Cs (’/)1/2 R2S(#) <lim 1Ca2 (¢, 1) ~ (Rd>2 S(t)cs> (a47)

= T e \w/)  RZH, T \com R,) H,
Finally, h., satisfies

hee  2KSKp
H*5 HTTS

Coo
K§Kp[HT] [H*]o

h;+<ﬂ%#Wi (€] — 0. (448)

)i~ i +

In this chapter the formulation of the problem in radial and axial coordinates has
been presented. It describes the dissolution of calcite in a closed environment with
a swirling flow. The process described is faithful to the chemistry of the carbonate
system and conserves mass through a Stefan condition at the dissolution interface.
In the next chapter, the dissolution is assumed to occur at a flat interface, essentially

neglecting any radial dependence.
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In the initial stages of an RDA experiment the dissolving interface remains flat, an

observation that was used in Levich’s initial analysis of the problem [

]. Following

this precedent, we assume that there is no radial dependence, which ensures the

surface dissolves uniformly. In the latter stages of an RDA experiment this assump-

tion may not be justified. Collecting together the various results, the state equa-

tions (4.32)—(4.34) are

1 Ju

scar T

1 0b

Scoi T

1 dc

Scoi ©

H(C)

ou 1 82u . kl [H—WO k’gK‘fV [H+]oo u
H“%c‘&&?‘wnﬁu<”+mm%)0‘[th» 5.1)
b 1 ko (Hwu
&_&W_w<mmh_» (5:2)
0 1 0%
@ag_scagg — 0, (5.3)
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for ¢ > S(f), T > 0 where H(() is a component of the von Karmén flow, and

from (4.36)
oy (Pl o K [cw) Ky 2KGKe
" <K§KP[H+]0 [H+]0[H+]oob [H]o h [HH]2 [H+]3[H+]oob 0. (5.4)

For the boundary conditions at the dissolution interface, ¢ = S,

u(S(8),1) = uo(f), b(S(8),7) = bo(D), c(S(8), 1) = co(D), (5.5)

that satisfy
ou _ B e S RPN (1 R
o= MO e TR OO

The value of u(t) is determined by the first condition of (5.6), and hy(f) is given
by (4.45), repeated here

2KS [H+]2 _ K¢ KP 2K¢
chiKPOhé + ( [HJoh — [CI7Tho — ﬁ hoto = rrr (o + ﬁ w2 = 0.

(5.7)

In the bulk, far from the dissolution, and in the well mixed region as { — oo,

lim u(¢, 1) = uso(t), glggo b((, 1) = bso(), lim (¢, 1) = coo(f), (5.8)

{—o0 (—o0

that satisfy

KS{Kpe, (Rd>2 S(#)

Uso(f) =1, boo(t) = [H] ma Coo(f) = —m R, i, (5.9)

The expression for ¢, (%) is given by the dimensionless version of (4.11) and assum-

ing radial independence. Here the value of h., comes from (4.48), and repeated
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here

hee  2K5Kp
HT5 [HTT§

i +<2Ksp[H+]io [CI7] =0. (5.10)

Coo — R — (K + K,
KsKe[F [Hﬂo) (Kiy +e)

For any time # > 0, the motion of the interface closes the system and is given by

ds Jdc

Sti/\: ~
dt  0¢

3(0) = 0. (5.11)

)
g

5.1 Boundary Conditions

The large variation in the values of the chemical rate and equilibrium coefficients
allow the expression for the hydrogen to be simplified. Beginning with h, the
asymptotic form depends on [Cl~]. For the [Cl~| dominant case, we choose Kp =
5.99 x 1072 M?, corresponding to 400 ppm of CO,(g), and to dominate the chem-

istry, [CI7] = 0.01 M. Rewriting expression (5.7) as

hg + Yug (aghg’ — hZ — ayuphge — arhoe’? — a2u062) =0, (5.12)
with
K¢ - KSKp[CI7] -
/2 =W — 169 x 1073, = 2P 314 x 10712 ~ 25962, (5.13
Kp 7T K HTR (5.13)
and
[H* o K3 2K5Kp
an = , a1 = s Ao = 5 514
S T ERgHGT T mgeepay O

reveals a number of small parameters. In particular, ay ~ 1, a; ~ 2.10 x 1072 and
as ~ 6.87 x 107°. With e = O(107°), an expansion of h in terms of yu, gives

ho = £(yup)*? — qug/2 + (’)((fyuo)?’/ 2) and is detailed in Appendix B. Choosing
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the positive root, and using (5.6),

(2K [HTZ V2 1/2 ~  K5Kp[CI7]

bo(@ = (KSKP[O_] uy” + O(yug) , co(t) = m +0(7),

K§Kp[C ]\ (519

o 2 AP 1/2

ho@ = <2Ksp[H+](2) ) uy’ "+ O(yuo) -

Moreover, from the approximate value of [H*],, given by (3.65),
+
ho(t) ~ [[I:lj]ooué/z, bo(f) =~ u?, co(t) ~ 1, (5.16)
0

associated with the value of u,, corresponding to the no-flux condition (4.43).

When there is no appreciable [Cl~ ], the analysis is slightly different. For [CI~] =

0, and Kp corresponding to 0.97 atm of CO4(g), expression (5.7) can be rewritten as

hé + YUp€ (aohg — a1hg — Uoho —¢h — QQUQE) = 0, (517)
with
KK Ky -7
=—7——— =0.906, €= =6.97 x 107", 5.18
1T K K T3 Ko (5.18)
and
[H*]3 [CIT][H o 2K5Kp
= = — = .1
Qg KP ) a1 KP y a2 K\(/Z\/‘[H—i_]()’ (5 9)

reveals number of small parameters. In particular, ay ~ 1, a; = 0 and ay ~ 1.11. The
asymptotic form of h then becomes hy = (eyu2)'/? — eyug/3 + (’)((ey)s’/ Suy/ 3). Asa
result,

2K [HY]2, V8 1/3 . K$K3 23 1/3
bo(ﬂ:<K§K§ uy’” +O0(y),  cot) = m uy’” 4+ O(yuo),

[ KsKp V8 2/3
ho(tA) = <2Ksp[H+]8> uy” + O(yup) -
(5.20)
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5.1. Bounpary CONDITIONS

As with (5.16), from the approximate value of [H],, given by (3.66),

[H" oo 23 1/3 2/3
ho(ﬂ = [H+]O Uy 50(’3 = Uy CO(@ =Uy (521)

associated with the value of v, corresponding to the no-flux condition (4.43).

At 'y, the boundary far away from the dissolution, the dimensionless charge
balance equation is given by (5.10)

hio + <2KSP[H+]20 [Cli]

Coo R — (K + K,
K5k, [H%) (K + K)

hee  2KSKp
CIr AT

For 400 ppm of CO(g) and [CI~] = 0.01,

2K, [HT]? [CI7] Kp
P _ 1.0335, =1, =5.9932 x 1078,
KSKP[HJF]O [H+]0 [H+](2) (523)
Bw 132 1010, 2BEBR g 6an g,
[H*]3 T [HTJ
while for 0.97 atm of CO,(g) and [CI7] =0,
2K, [HT]? [CI7] Kp
PL__® —1.1656 x 10, =0, =1,
KQCKP[H—WO [H+]0 [H+](2) (524)
Kw 69715 % 1077, 25 Re
[H*]3

= 7.7697 x 107"
HT; "
Corresponding to these choices, the value for ¢, (f) depends on the amount of dis-

solved CaCOj(s) at any specific time. An approximate solution to (5.22)—(5.23) is
given by

hoo(ﬂzl—coo(f)—i—(’)( Kr ),

[H*]3
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5.2 The Free Boundary

The free boundary condition (5.11) has been stated, but the details of how this con-
dition is implemented have not been discussed. Much of the analytical techniques
and numerical methods associated with free boundary problems can be found in
the proceedings [29]. Application of a Stefan problem to a dissolution process is
uncommon, but has been explored in the literature [9, 14, 45]. Of particular note
is the general multiphase Stefan problem with unknown interface conditions de-

scribed in [39]. A form of this transformation is described next.

5.2.1 Boundary transformation

The boundary transformation method changes the spatial variable so that the do-
main of the problem becomes fixed. However, doing this introduces nonlinear terms
into the equations. In the case of the dissolution problem (5.1)—(5.11), the domain
¢ € [S(f), (] can be transformed into the fixed domain z € [0, (). This can be done

with the transformation

p= =50 (5.26)
G —S()
with derivatives
Ox Co Ox x — (0 ds
o0 - 5.27
¢ ¢ —S(h) ot ¢ — S(f) df’ (5:27)
From this transformation, where we denote c((, 1) = ¢(¢(x,1),1) = &(x, 1),
gc _0¢, z=G d50¢ g G 0¢ (5.28)
of ot ' ¢ — S(i) df 0z’ ¢ ¢ — 8(f) 0z
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and the state equation (5.3) becomes

S(H)\" o¢ v\ d S(h)\ oe 0%
(1—@) FT (SCH(C)— (1—C0> d£> (1_(0> w5z =0 (529)

defined on the fixed domain = € [0, (o], f > 0, and the associated Stefan condition

becomes

Std—*? - ( - ‘%)_ 9e (5.30)

dt Co 81’

0

An extra complication with using this method, is that the equations that define
the von Karman flow assume that the dissolution surface does not move. A version
of this method is used in [3] where the Stefan number is large. In this situation, an
approximation to the solution can be computed by removing the time dependence
in the state equations (5.1)—(5.3) while allowing S(#) to evolve according to the
Stefan condition (5.11). The time scale is changed to where the interface is moving
but slowly enough that the fluid flow is essentially steady state. This splitting of the

time dependence is termed a quasi-steady solution.

5.2.2 Quasi-steady problem

Assuming a quasi-steady solution, the equations for ¢((, ), restricted to ¢ > 0, and

S(#) reduce to

dc 1 0% . . -
H(C)afc T Sea 0, ¢(0,8)=1, Clgf)loc(fat) = —m5S(1), (5.31)
ds _ Oc Sy _ K§Kpe, (v\'Y? Rj
St 0 87<<O7@’ S(0) =0, "= m (w) R%HUI (5.32)
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This is obtained by collecting (5.1), (5.9) with (3.56), (5.11), and (5.16). Using
Table 4.1, and estimates (4.21)—(4.23), we have

v~ 1.907, Sc ~ 474, St ~ 5415. (5.33)

5.3 Quasi-Steady Solution

The reduced quasi-steady problem has a closed form solution that is reminiscent

of the solution of Levich [23]. Solving first for c((, 7),

(¢, ) =1+ <gg(0,f)> /0C exp (/082 Sc H(s1) d81> dss. (5.34)

Letting ¢ — oo gives the condition

000 0) ([ [P an)n) . 9

2

with v, ~ 4.646708 for Sc ~ 474. This reduces the Stefan condition to

dg Y2 A A
2N = .
=g (1+m3®), $(0) =0, (536)
with solution
N 1 .
S(t) = — (e /St 1 5.37
B = ( ) (537)
so that lim; , _ S(f) = —7; ! corresponding to lim; , . ¢(¢f) = 1 for any 7. For expres-

sion (5.37, it is important to realize that ¢ ~ O(St).!

!Based on the experiments in [34], an experiment of ¢ = 1000 minutes, with a rotation rate of
w = 100 rpm, and Sc =~ 474, we find that = wt/ Sc ~ 103 ~ O(St).
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By x\\\
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Figure 5.1: The time evolution of the scaled concentration of calcium ¢((, ) for the
quasi-steady case.

Putting all these pieces together gives the concentration profile

¢ s
A / exp (/ ’ Sc H(s1) dsl) dss
_ e*'Yl’YQt/ St JO 0

(¢ h) =1 Mo . (5.38)
/ exp (/ Sc H(s1) d31> dss
0 0
Far away from the dissolving interface, With { — oo,
coo(f) = lim ¢(C,#) = 1 — e 12/5t (5.39)

(—o0

defines the calcium concentration in the bulk. Beyond the boundary layer, the con-
centrations do approach their limiting values for a homogeneous, well mixed solu-
tion. A plot of the time evolution of the scaled calcium concentration is shown in
Figure 5.1. Note that the boundary layer structure disappears as the calcium reaches

its saturation limit.

The behaviour of c., gives some insight into the rate of dissolution of the calcite
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at the dissolving interface. In particular, we see that from (5.38),

C S2
H
e e ([ 5) ) 0

— = = 5 (5.40)
ot St / exp (/ Sc H(s1) d31> dss
0 0
and that taking the spatial derivative,
¢
exp (/ Sc H(s1) d51>
9¢ _ _qmmmi/si__ . . (5.41)
¢ / exp (/ Sc H(s1) dsl) dss
0 0
With respect to the dimensionless quantities,
1Oc, ~ Yo _mini 1 deo -
— (0. 1) = Zemmet/St — = TTO 4y 5.42
Stac 1) = g S W (5.42)

Therefore, the flux of material at the dissolving interface is a constant multiple of
the time rate of change of the concentration far from the interface. Returning to

dimensional coordinates, equation (5.42) becomes

- _p2lca] (0,t) = € = [Co™ hmax (R”) i, tim 1C27 (,1).  (543)

0z Cs z—=oo ¢

Expression (5.41) leads to a new dimensional expression for the flux of

J = D201 24, [Ca* ] pax €xD <— gggiwt) : (5.44)

which can be compared to either (1.1), or its correction (1.2). The ~, factor is a di-
mensional version of (5.35), with an approximation given by (2.25). It is this term
that is responsible for the correction in (1.2). Levich introduced a generic concen-
tration factor, and by including the actual chemistry in this process of dissolution,

we see that it should be replaced by [Ca?*],,,.. This means that the initial rate of
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dissolution is governed by the chemical environment that determines [Ca®"],ax-
Finally, there is an exponential behaviour that reduces the overall flux as the disso-
lution process reaches saturation. There is a natural time scale over which the flux

is essentially in steady state. This condition is

t p C 2+ max v 2
s SSt oo i i (1_M> (R) H,~10°s  (545)
D172 Cs Ry

using the parameters for the RDA experiment. After this point, the flux begins to
slow due to the build up of the dissolving material in the bulk.

At the beginning of this work, the question was posed as to why there is so
much variation seen from one laboratory to the next. The dependence on [Ca**] .
suggests that a possible explanation is due to the different chemical environments.
Another possibility is the violation of laminar flow which would modify the dis-
solution rate. These effects need to be validated through a new set of experiments.
Another point of clarification is provided by comparing (5.44) and (5.45). The fac-
tor 7;, which contains the geometric effects, only plays a role in the time scale where
the flux begins to decrease due to chemical saturation of the environment.

Now that we developed an expression for predicting the calcium profile and
rate of dissolution, it should be validated by experimental data. It would not be
possible to validate the chemical boundary layer structure at the dissolution surface
because of the experimental limitations. The boundary layer is too thin for such
experiments, so the existing data applies to the concentrations in the bulk of the

solution.
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Having developed this model, it can be validated by returning to the original ex-
periments that lead to the development of the PWP model. The first of these is
the 1976 work of Plummer and Wigley [34] where they study the dissolution of
calcite in a saturated CO,(g) atmosphere of 0.97 atm at standard temperature with
[CI7] = 0. The second set of experimental data comes from the seminal work of
Plummer, Wigley, and Parkhurt [35], where the kinetics of calcite dissolution was
studied over a wider temperature and pressure range. This extensive work, consist-
ing of over one hundered separate experimental runs, resulted in the development
of the contemporary PWP model, named after its founders. Each experiment was
conducted with fixed value of Pco,, anywhere from 0 to 1 atm, and a fixed temper-

ature that could lie in the range of 5°C to 60°C, and a variety of acidic environments
([CI] # 0).
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6.1 Plummer and Wigley, 1976

The experimental data list of [34], and reproduced in Appendix D, is obtained by
first bubbling CO,(g) through distilled water until equilibrium is established. A
weight of calcite (5 to 20 times in excess of the solubility limit) is added to the con-
tinuously stirred solution. During this process the pH is measured as a function of
time. The dissolution rate changes from one experiment to the next. The reason for
this is that for each run, the amount and average size of the calcite particles varies,
which changes the effective surface area from one experiment to the next. To com-
pare the results of these experiments with this thesis, the calcium concentration
takes on the form of (5.38) where the samples are taken far away from any dissolv-
ing boundary, so ( — oo. This means that the dimensionless version of the calcium

concentration, as a function of time, is taken as

Coolt) =1 — e (6.1)

where )\ > 0 is a single fitting parameter. This exponential behaviour is ubiquitous
throughout the physical chemistry literature, where it is known as the Kolmogorov-
Avrami model, and may be found in any standard reference book [43]. Recall that
this functional dependence of c,, comes about as a direct result of the consistency
of applying mass conservation to the dissolving interface (5.39), and assuming that
this interface motion does not affect the hydrodynamics. The value of A encapsu-
lates the Stefan number, the rates of reaction, and the hydrodynamics. The disso-
lution rate at the dissolving surface was shown in the previous chapter to be pro-
portional to the time rate of change of c,. For this reason, we prescribe that the

modelling rate of dissolution be given as

deso _
Jmod(t) = o - e M, (6.2)
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where the proportionality constant is taken as one.

To choose ), the pH corresponding to c., given by (4.48) is computed and com-
pared to the experimental data in the sense of ¢*(R") for N data points. In particu-

lar, we find
A = argmin | PHimod — PHops [l 2(r) (6.3)

where «a enters through c(t) = 1 — e, pH_ g = —10g hoo, and ho, satisfies

equation (5.22), repeated here for convenience

hee  2K§Kp
HT5 [HT]3

hgoJr(Wo [ —0.  (64)

Coo — R — (K + K
K5 ke[, [Hﬂo) (Kiy o+ ee)

The experiments are broken into two series. Runs 7-11, and runs 12-14, corre-
sponding to the two different samples of Icelandic spar as a source of the calcite.
The authors in [34] note that the rock sample used in runs 12-14 was not as trans-
parent as the sample used in runs 7-11. No further detail is provided. Table 6.1 lists
the optimal value of A for each of the experimental runs and the corresponding
minimal relative percent error, while Figures 6.1 and 6.2 show the corresponding

optimal fits to the data points.

Being able to effectively fit to this data, as evidenced in Table 6.1, establishes
that the Stefan model in a closed system is capable of reproducing the time evolu-
tion of the dissolution process using only the bulk chemistry. It also illustrates that
this new model can provide insight into the chemical environment at the interface,
and information on how the environment changes in a closed system as it nears

saturation.
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Figure 6.1: Runs 7-11 of [34] compared to the current model. The markers denote
the experimental data points and the lines correspond to the model predictions.

6.2 The PWP Model

The work in [35] develops the PWP model, which we describe next, so that its pre-
dictions can be compared to the new model. The PWP model presumes that the net
rate of calcite dissolution, denoted as Jpwp, depends on three forward rates, and one

backward reaction. The specific form proposed in [35] is

Jpwp = 1 [HT] + k2([H2CO3%] + [CO,]) + k3[Ho0] — k4[Ca*T][HCOS]. (6.5)

This model has been extended to larger pressure and temperature ranges but has

not changed significantly since its introduction. The dependence of all four con-
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Table 6.1: Relative percent error in the comparison of [34] with the current model.

Run )\ 100 | PHinod — PHope Il Run )\ 100 Il PHpnod — PHpe Il
| PH s [ [ PHops [

7 3.28 x 1073 0.578% 12 798 x10°° 0.475%

8 1.72 x 1073 0.816% 13 4.02x107° 1.26%

9 6.66 x 10~* 1.22% 14 114 x10°* 0.849%

10 1.97 x 1074 0.788%

11 1.31 x 107* 1.61%

stants was estimated in [35] using statistical methods from over a set of one hun-
dred separate experiments. For example, the value of x; is obtained from the slope
of a plot of the dissolution rate versus the activity of H" in solutions that are far
from equilibrium (low pH). The experimentally inspired expression (6.5) can be
interpreted as a set of surface reactions of CaCOj3(s) that depends on the acidity. In

detail, the respective processes are with a strong acid

CaCOs(s) + HT ™ Ca** + HCOy3, (6.6)
a weak acid
CaCOs(s) + HyCO3” 25 Ca®t + 2HCOy3, (6.7)
and water
CaCOs(s) + H,0 : Ca" + HCO; + OH™. (6.8)

The backward reaction, governed by 4, is proposed to be the result of Ca®> and
HCO3 ions interacting with the surface. The rates given by x1, ks, k3, and k4 all

depend on the temperature, and this behaviour, as presented in [35], is given by
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Figure 6.2: Runs 12-14 of [34] compared to the current model. The markers denote
the experimental data points and the lines correspond to the model predictions.

the Arrhenius relationships

A, e B/l 278 < T < 298,
R1 = A,ﬂe_El/T, Ko = A,{QQ_EZ/T, R3 = (69)

A, e Be/T 208 < T < 321,

with 4,, = 1.58, By = 1022, A,, = 692, B> = 5013, A,, = 1.38 x 1075, E;, = 730,

K3a

Ay = 7.93 x 1072, E5, = 4000 from [35]. Only k4 is affected by changes in the

K3b

partial pressure of CO(g).

Rather than comparing the new model with the predictions given by Jpwp, we
fit to the original experimental results. Tables E.1 and E.2 of Appendix E list a sub-

collection of experimental results for a variety of pressures and temperatures re-
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Figure 6.3: Logarithm of the rate of calcite dissolution, Ji,q with A = 1, as a function
of pH for a variety of partial pressures of CO,(g). The initial pH = 2 is set with
[CI7] = 0.01 M. This plot has comparable features to Figure 1 of [35].

produced from [35]. This data will be used to validate the new model.

In developing the PWP equation, three separate regions were identified. These
same region are indicated in Figure 6.3 which shows the model prediction for 25°C
and [CI~] = 0.01, extended to the full pH range. The trends are the same as indicated
in Figure 1 of [35], with the change in inflection confined to region 3. One differ-
ence between the model behaviour and the experimental data is that the predictive
curves separate at high acidity. This is a result of the high concentration of CI~ and
artificially setting the activity coefficient to one for all pH levels. It is in the region of
low pH where the pH dependence of the activity coefficient dominates. The current

model assumes that the activity coefficient is always one, and this assumption will
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modify the resulting curves within the highly acidic region.

6.3 Plummer, Wigley, and Parkhurt, 1978

In their 1978 paper, Plummer, Wigley, and Parkhurt used both "pH-stat” and ’free-
drift’ methods to estimate the dissolution rate of the calcite for a variety of temper-
atures and pressures of CO(g). In the pH-stat method, a standardized HCl solution
is added so as to maintain a constant specified pH in solution at fixed Pro, and
temperature. For every mole of CO3~ that is released by the calcite, two moles of
H™ are consumed. As a result, the rate of calcite dissolution is one-half the rate of
the H* addition in a pH-stat experiment. This assumes both the Pco, and temper-
ature are fixed. This particular method was found to be effective when the system
is far from equilibrium. For comparison, Figure 6.4 shows the logarithm of the dis-
solution rate Jpwp, as given by (6.5), where it is assumed that x4 = 0. The plot was
generated using experimental runs 63, 77, 89, 92, and 100 in Table E.1.

For the situation when the reaction is in the vicinity of equilibrium, the pH is
measured as a function of time without the addition of HCl as in [34]. Using this
technique, known as ’free-drift’, the pH and Pco, determine the composition of the
bulk solution, and from this information, the dissolution rate of the calcite is in-
ferred. Figure 6.5 shows a selection of "free-drift” runs from Table E.2 reproduced
from [35]. The behaviour in the higher pH environment is similar to that predicted
by the new model, with the end point determined by Pco,. For lower pH there is a

discrepancy that may be due to the activity coefficients being set to one.

6.4 Stefan Model Predictions

Figure 6.6 illustrates the model prediction by assuming c.(t) is given by (6.1). To

specify ), the knee of the blue curve (25°C, 0.956 atm) is matched. This gives a value
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Figure 6.4: Logarithm of the rate of calcite dissolution, Jpwp, as given by (6.5), with
k4 = 0, as a function of pH for a variety of partial pressure of CO,(g) and tempera-
tures. This corresponds to experimental runs 63, 77, 89, 92, and 100 of Table E.1.

of A\ = 2.415 x 10~*. The temperatures and pressures are chosen to be consistent
with Figure 6.4, and the value of )\ is chosen to match the dissolution rate of exper-
imental run 38 (25°C, Pco, = 0.96 atm). The experimental runs are in reasonable
agreement, indicating that using the Stefan condition, the model correctly predicts
the experimental dissolution rate as a function of FPco, for standard temperature,

and for temperatures below 25°C.

One of the difficulties in comparing the current model with the PWP predic-
tions, given by (6.5), is that without the addition of HCl or another reagent, the
Pco, level places a restriction on the pH range. For the utilized experimental runs,

Table 6.2 shows the corresponding pH range.
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free—drift from PWP experiments
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Figure 6.5: Logarithm of the rate of calcite dissolution, Jpyy p, given by the free-drift
method as a function of pH for a variety of partial pressure of CO,(g) and temper-
atures. This corresponds to experimental runs 14, 29, 32, 38, and B7 of Table E.2.

Table 6.2: pH range of the experimental runs without the addition of HCI.

Run Temp. Pressure Lower Upper

No. (°C) (atm) —logyo[H*lo  —logye[H
29 50 3.03x 107% 4.611 6.985

14 25 2.86 x 107 5.184 7.672

38 25 9.57 x 1071 3.922 5.989

32 34 2.98 x 107t 4.200 6.337

B7 62 7.54 x 1071 4.072 6.127

Another way to compare the new model predictions with Jpyp is to compare
the maximum amount of dissolved calcium. The experimental results of [35] in-

clude this value for a number of the experimental runs. This prediction is listed
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Model predictions (overlaid free-drift experiments)
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Figure 6.6: Logarithm of the rate of calcite dissolution given by the model predic-
tion, Jmoa (6.2), as a function of pH for a variety of partial pressure of COy(g) and
temperatures. The choices are consistent with Figure 6.5.

alongside the predictions of the new Stefan model in Table 6.3. For each of ex-
perimental runs, Table E.2 lists the temperature and Pco,(g). From these parame-
ters the values of [H"]y and [H"], dictate the range in pH for that experiment and

pH,, = —log;y[H" ] is compared to the observed end run value of pH,,. The max-

oo obs*

imum amount of calcium that can be dissolved into a given solution is related to

[H ] through the relationship

Kp[HT)2 Kokp\'?
Ca’ Moy = —2 =~ P 6.10
assuming [CI7] = 0. Figure 6.7 illustrates the comparison between [Ca®*],,.x and
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Table 6.3: End of run values for pH and total calcium dissolved. Portions of this
table are reproduced from Table 6 of [35]. For the purposes of this table, pH, =
—logg[H"lo, pHy, = —logyo[H*]e, [APH| = [pH,, —pHg, |, and [A[Ca®"]]
1[Ca?* Jmax — [Ca?Jops|. [Ca?|max is determined using Ky, = 4.47 x 107 M*.

Run [Ca?F]max  [Ca%Tlops  |A[Ca%H]]
no. pH, pH, pHys [|ApH| (mmol/L) (mmol/L) (mmol/L)
29 4.611 6984 6.952 0.032 2.89 2.62 0.27
27 4125 6.336 6.333 0.003 6.09 6.56 0.47
5 3.861 5984 6.041 0.057 9.12 11.13 2.01
3 3.859 5981 6.059 0.078 9.15 11.28 2.13
6 3.859 5980 6.066 0.08  9.16 12.08 2.92
4 3.858 5979 6.028 0.049 9.18 11.48 2.30
26 5152 7.662 7.714 0.052 1.15 1.34 0.19
21 4.645 6987 6.942 0.045 249 2.56 0.07
19 4159 6.339 6.243 0.096 5.24 5.44 0.20
8 3.890 5981 6.029 0.048 7.92 10.53 2.61
9 3.888 5.977 6.030 0.053 7.95 10.18 2.23
17 5189 7.678 7.644 0.034 1.00 1.17 0.17
14 5184 7.672 7.623 0.049 1.01 1.13 0.12
13 4.677 6997 6976 0.021 2.19 2.45 0.26
16 4.677 6997 6.951 0.046 2.19 2.57 0.38
12 4191 6.348 6.312 0.036 4.63 5.39 0.76
10 3922 5990 6.017 0.027  6.99 9.18 2.19
B2 3932 5995 5979 0.016 6.78 8.60 1.82
31 4705 7.010 6.964 0.046 1.99 2.02 0.03
32 4200 6.337 6.260 0.077 4.32 4.52 0.20
30 3949 6.003 5959 0.044 6.35 7.34 0.99
B4 3956 6.010 5986 0.024 6.26 7.70 1.44
36 4756 7.052 6.998 0.054 1.74 1.56 0.18
35 4250 6.379 6.297 0.082 3.77 3.58 0.19
37 4.001 6.047 5.999 0.048 5.53 5.52 0.01
B5 4.009 6.056 6.021 0.035 5.45 5.40 0.05
B8 4.077 6.133 6.047 0.086 4.76 4.00 0.76

[Ca®*]ops and shows a remarkable agreement for low solubility. For larger solubility,
the new model underestimates [Ca?*],,.,, which indicates either an inaccuracy in

K, or a breakdown in the validity of expression (6.10).

Ideally, the temperature dependence of K, should be inferred from the litera-
ture, but this is not readily available. Instead, an approximation of just the temper-

ature dependence of Ky, can be estimated by the data itself. Inverting (6.10) gives
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Figure 6.7: Predicted versus observed [Ca®*] solubility using K, = 4.47 x 1079 M?.
There is a noticeable discrepancy for lower temperatures.

the estimate

4K[Ca?*]?
Ky ~ Q[K""P Jos (6.11)

and from these values an Arrhenius relationship is assumed. Fitting the data to
this assumed K, temperature behaviour and minimizing the ¢? error results in the

expression
Ky (T) = Agpe™/T, Agp = 1.097 x 10719, Eg, = 1199. (6.12)

The corrected predictions can be seen in Figure 6.8. With the proposed temperature
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Figure 6.8: Predicted versus observed [Ca®"] solubility using K, given by expres-
sion (6.11). The discrepancy at lower temperatures is reduced.

dependence of K, the new Stefan model is capable of reproducing the observed
maximum dissolved calcium.

This chapter has illustrated that the Stefan model is capable of reproducing the
observed dissolution rate of calcite across a wide range of temperatures and pres-
sures. The difference in the chemical environment at the dissolution interface and
far from the interface drives the rate of dissolution. This naturally gives rise to three
separate regions of pH corresponding to [H*], where no appreciable amount of cal-
cium has been dissolved, a rapid transition range, and an end of run value of [H]
as the solution becomes saturated. The final chapter will recap the results of this
new model of dissolution for the calcium carbonate system and the work that still

needs to be done.
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CHAPTER

ConcrusioNs AND FUTURE WoORK

The experimental investigation of calcite dissolution has a long history over the last
century with interest across a wide range of scientific disciplines [6, 8, 12, 16, 18,

,27,31,37]. Much of this research was the result of the exploration and mapping
of karst landscapes, and the bodies of natural waters contained within them. When
studying natural waters, it was noticed that many carbonate reservoirs were under-
saturated with respect to calcite [34]. These observations led to the development
the PWP expression which was determined through a systematic set of experiments

at a variety of temperatures, pressures, and acidity levels [35].

The thesis begins with a discussion of the origins of the problem of calcite dis-
solution. The pertinent question is why are the simplified classical expressions of
mass flux, given by (1.1), inconsistent from one experimental study to the next?
Why is the correction given by (1.2) insufficient? To begin answering these ques-
tions, a derivation of the classical Levich problem appears in Chapter 2. This work
reveals that a number of assumptions are required to reach the Levich expression,

including the need for a uniform dissolving surface, and the need for alaminar fluid
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flow over this surface. These assumptions are typically violated with the economic
pressure to provide results quickly. Another shortcoming of the classical Levich
problem is that it disregards the actual chemical reactions involved in the dissolu-
tion in favour of a generic behaviour. This last point becomes particularly important
for dissolution in highly acidic chemical environments. Chapter 2 also points out
the equivalency between the rotating disc reaction vessel and the rotating disc elec-

trode method of electrochemistry with expression (2.31).

Part of the derivation of Chapter 2 includes an analysis of the von Kdrman equa-
tions. Because of the need to solve these equations on a finite domain, an expansion
of the solution about infinity was computed. This high-order asymptotic expansion
is consistent, and exceeds the current literature on this topic. In addition, a high-
order expansion at the dissolving interface was also computed. The details of these
expansions are compared to the numerical solutions in Appendix A. This material,
although exceeding the current literature, did not significantly contribute to the

dissolution problem, and was collected in the Appendix.

Chapter 3 examines the carbonate system with the presence of dissolving cal-
cite, and the possible addition of HCI to change the pH level. It is shown that there
are always two extreme points of chemical equilibrium. When no calcium is in so-
lution, the equilibrium is determined by the balance of HCl, and the amount of CO,
in solution. If there is enough HCl it will be the determining factor. The other equi-
librium point is when Ca®* is saturated. In this saturated situation there are two

possibilities. If there is a lot of HCl in solution then [Ca?t],,. ~ £[CI7]. If there is no

1
2

HCl, as in natural waters, then [Ca*"] .~ 1[HCO;]. Details of the asymptotic anal-

ysis are summarized in (3.65)—(3.66), and for the maximum amount of dissolved
calcium, see (3.67). To simplify the analysis, an activity coefficient is taken as one

but can easily be compensated with the use of expression (3.43).
A detailed model of the carbonate system, coupled to a dissolving calcite sur-
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face, is presented in Chapter 4. This model includes a generalized fluid flow, and
a Stefan condition imposed at the dissolving interface. This complex model is then
systematically simplified by assuming an axial flow, given by the von Karman flow,
and that the dissolution is quasi-steady. What this means is that the dissolving sur-
face changes very slowly when compared to the speed of the fluid passing over the
calcite as it dissolves. In Chapter 5, it is shown that in this limit, the expression for
Ca** decouples. In a closed system, the concentration of calcium has a boundary
layer structure in space that saturates over time according to a simple exponential
relationship. It also illustrates that the mass flux from the surface at any given time
is a constant multiple of the time rate of change of the calcium concentration in-
finitely far from the dissolving interface. This illuminating insight gives access to

the boundary layer structure that is very difficult to experimentally validate.

Finally, with Chapter 6, the simplified Stefan model is shown to be consistent
with the experimental results obtained in [34] and [35]. This implies that it is com-
patible with the PWP model that is routinely used to close dissolution problems
that involve calcite. What this work has shown is that the inclusion of the a mass
conserving Stefan condition at the dissolving surface is essential in understanding
the changing chemical environment of a dissolving species within a closed envi-
ronment. The relatively simple behaviours that are seen experimentally are a result
of a sophisticated interplay between the ions. The ions find a balance between the
saturated calcium environment near the surface, and the bulk concentration that
is typically much lower. The tension between these two chemical extremes is what

ultimately drives the mass flux.

This new model of dissolution, that incorporates a Stefan condition to conserve
mass at the dissolving interface, has shown that it can predict the dissolution rate of
calcite over a broad range of temperatures and pressures. This can be accomplished

using the time dependence of the calcium concentration far from the dissolving in-
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terface, and is therefore independent of the nature of the fluid flow. The effective
behaviour in the modelled closed system is the result of a combination of dimen-
sionless parameters that characterize the fluid flow, and the exact chemical environ-
ment. A set of experiments that can validate this dependence and verify how the
fluid and chemical behaviours interact is a natural first step towards future work.
Connected with this is a mathematical validation of the pH-stat predictions, and
how they can be interpreted in a manner consistent with free-drift experiments.

From the research presented, it is clear that the highly acidic region is partic-
ularly challenging in an experimental setting. Inclusion of a nontrivial activity co-
efficient for all of the ionic species is a first step towards resolving this. Although
prosaic, it may provide some useful insight to the underlying chemistry. In addi-
tion, completely solving the system of PDEs to extract the boundary layer structure
would be quite useful and add to other research in this direction [3]. This would
lead to a full solution that depicts the dynamic profile for each of the chemical con-
stituents. Important in this process is the realization that [CI”] forms a boundary
layer, and this will affect the boundary layer of [CO,].

One curious point that remains is the initial question that began this research.
We have shown in this work that the fluid flow is not particularly critical when
extracting the flux at the dissolving surface. In fact, the model is based on von Kar-
man flow, yet is capable of modelling the dissolution of granulated calcite pellets
that are manually stirred. This thesis has shown that the exact nature of the chem-
istry in the bulk plays a significant role in determining the surface flux as a material
dissolves. The intricacies of the fluid flow and the Stefan number combine to de-
termine the overall scale of the dissolution rate. Details of this complex question
will have to remain unsolved until we are able verify these results through further

experimentation.
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APPENDIX

vON KARMAN FLOW

A.1 Preliminaries

This discussion assuming an incompressible viscous fluid that satisfies the Navier-
Stokes equations. These equations with an incompressiblity condition are

ou

1
EJr(U-V)ﬁ: —;Vp+uv2ﬁ, V-4=0, (A1)

where both the density p and dynamic viscosity p with (v = p/p is the kinematic
viscosity) are assumed to be constant. Considering the geometrical setting of the
swirling flow, we use cylindrical coordinates (r,, z), and assume the solution is
independent of the angular coordinate. Furthermore, let the surface of the disc be
the plane z = 0, with z increasing with depth within the fluid, and the rotation axis
coincident with r = 0. The velocity field for the swirling flow, @ = (u,, ug, u,), with

the convention that an upwelling flow corresponds to u. < 0, reduces the steady
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A.1. PRELIMINARIES

state equations (A.1) to

R e R e ] (4
uw((gff +uza;; = —;gf +v (8;22 + 71“85;2 + %ZZ) : (A4)
05: N 1:; 3815 _o (A5)

expressed in cylindrical coordinates. The quantity p denotes the pressure, which is
considered to be a function of depth z alone.

In this model, the disc is of infinite extent and is rotating at a constant angu-
lar velocity of w > 0, and the bottom of the vessel is assumed to be infinitely far
away.! Applying a no-slip condition on the fluid in contact with the disc gives the

boundary conditions

u.(r,0) =0, ug(r,0) = wr, u,(r,0) = 0. (A.6)

Due to the rotation of the disc, fluid close to this surface fans out over the rotating
disc towards the outer edge of the cylinder (reaction vessel). Since the amount of
fluid is conserved, this outward flow at the disc surface induces an upwelling of
fluid from the bottom. In the limit of increasing depth, all fluid velocities must van-
ish, aside from the induced axial component, lim,_,, u.(r, z) = —U,. This implies

additional boundary conditions of the form

lim w,(r,z) =0, Lim wy(r, z) = 0. (A7)

By setting this problem up as a boundary value problem, although inconvenient,

'Having a finite disc radius and a finite depth will introduce significant differences in the fluid
flow. The connection with a finite disc is discussed in [47].
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that one boundary is at = — oo, we are searching for a solution with vanishing
radial and tangential velocities as the depth increases. This leaves only axial flow

with a steady value of U, toward the disc.

In this idealized geometry, there is only one physical boundary located at z = 0,
and the flow is allowed to develop according to the symmetry of the governing
PDEs, without the influence of any other boundaries. To pick up these geometric
aspects, a similarity solution is attempted. In particular, a similarity variable ¢ is
identified, and the equations (A.2)-(A.7) are nondimensionalized by applying the

transformation

Z—\/7C u, = 1wF(C), up =rwG((), =VwwH((), p=—prwP(¢). (A.8)

This reduces the system (A.2)—(A.5) to a system of non-linear coupled ordinary

differential equations

F'=F—-G*+F'H, (A.9)
G" =2FG + G'H, (A.10)
H"=HH — P, (A.11)
H' = —2F, (A.12)

where the primes denote derivatives with respect to ¢. This set of equations is sub-

ject to the following associated boundary conditions

F(0)=0, G(0)=1, H(©0)=0, lim F(¢)=0, limG(()=0  (A13)

(—o0 {—o0

Using (A.11) and (A.12), P’ = HH' + 2F’ so that (F, G, H) decouples from the
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system (A.9)-(A.12). Furthermore,

P(¢) = P(0) + ;HQ(C) +2F(Q). (A.14)

Considering (A.8), we see that U is determined by finding lim._,., H(() after
imposing the other five conditions. The system of equations can be further reduced

by eliminating F, giving the tightly coupled system

1
H" = —§H’2 +2G*+ H'H, H(0)=0,H(0)=0, Chm H'()=0, (A15)
G" = —H'G+G'H, G(0) = 1,Clim G(¢) = 0. (A.16)

Equations (A.15)-(A.16) were solved approximately by von Karman [42], and sub-
sequently improved upon by Cochran [7]. They were adapted by Levich [23] to de-
velop his classical solution of the rotating disc dissolution problem. More accurate
approximations [2, 15] and different techniques [ 1, 25, 44] can be found elsewhere.

A review of the history of this problem can be found in [47].

A.2 Numerical Solution

An inconvenience of the von Kdrméan system is that it is framed as a boundary value
problem with one of the boundaries at { — oc. Consider instead the related initial

value problem

1
H" =~ H? +2G° + H'H,  H(0)=0.H'(0)=0,H"(0) = ~2a;,  (A17)

G" = —H'G+GH, G(0) = 1,G'(0) = by, (A.18)
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where a; and b; are chosen so that both G and H' tend to zero as ( — oo. Letting

y=(H,H H" G,G), the system (A.17)—(A.18) can be written as

Y Y2 y1(0) 0
Ys Ys y2(0) 0
vs | = | =393 +2y5 + s | y3(0) | = | —2a1 |- (A.19)
Yi Ys y4(0) 1
Ys —Yo2Ys + Y1Ys y5(0) by

The solution of the system with a; ~ 0.510232618867 and b; ~ —0.615922014399 is

displayed in Figure A.1.

Due to the axisymmetry, all three velocity components (u,, ug, u.) only depend
on r and z, and not on the azimuthal angle 6. Visualization of this axisymmetri-
cal flow is aided by plotting the streamlines that correspond to curves of constant
stream function V. In this situation, the azimuthal velocity component uy does not

depend on the stream function, whereas the radial and axial components satisfy

10W 10W
w= 0 roB (O, w=— O = mHQ), (= \[Ze (A20)

so that @ - V¥ = 0. Since VU is perpendicular to the level curves of U(r, z), the

streamlines are parallel to the flow velocity @. Up to an arbitrary constant,

U(r, z) = —\/QU_WT2H <\/fz> : (A.21)

A plot of the streamlines is displayed in Figure A.2.

In the remaining portion of the Appendix we present the asymptotic expansion

of the von K&rman solution both near the plate at ( = 0 and in the vicinity of { — oo.

Integrating (A.20b) gives ¥(r,() = —/vwr?H(¢)/2 + g(¢) for an arbitrary g(¢). From (A.20a)
r=loV )0z = —rwH'(¢)/2 + ¢'({)w'/? Ju~1/? = rwF(¢) provided g(¢) = constant.
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Figure A.1: Components F(¢), G(¢) and H(() of the system (A.19) with values of
a; ~ 0.510232618867, and b; ~ —0.615922014399. This results in the asymptotic
value of lim;_,o H(¢) = —a =~ 0.884919.

The former expansion is useful inside the hydrodynamic boundary layer thickness
where ¢ < 1 and is a polynomial expansion in the coordinate (. For large ¢, the ex-

pansion is in terms of exponential functions and extends the result of Cochran [7].

A.3 Expansion about ( =0

To find a solution valid near the rotating disc, ( — 0, we suppose that

F:ZCLjCj, G:ijcj> H:ZCjCja P:ZPJC] (A22)
j=0 J=0

j=0 7=0
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10

Figure A.2: Streamlines of the von Karman flow for the rotating disc showing the
upwelling of fluid near » = 0 which subsequently fans out over the disc located at
¢ = 0. Notice that ¢ = 1 corresponds to a dimensional boundary layer thickness of

o= oo

In order to satisfy the boundary conditions at ( = 0. ap = ¢y = 0, and b, = 1. From

the fourth equation /' = —2F one finds that

2@4

2az 5 _ BB (A.23)

H = —a1§2— 3

Inserting (A.22) into (A.9)-(A.12), expanding and collecting like powers of (, gives

for( — 0
F(¢) = ai( — fC - fci” C - O(cﬁ) (A24)
G(Q) = 1+biC+5¢ + 112 (arby — 1)¢" - 1—5g +0(¢°)., (A.25)
H(C) = —an(* + ;C?’ + EC4 + ;1)45 +0(¢%), (A.26)
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where as stated earlier,
(a1,b1) = (F'(0), G'(0)) ~ (0.510232618867, —0.615922014399) (A.27)
are chosen to ensure that

lim (F(¢),G(¢)) = (0,0). (A.28)

(—o0
For completeness, we also find with (A.14) that

P(¢) = P(0) 4+ 2a:¢ — 2 — 2;)15) _ é(b% _ 36@)(4 B 1;81

C+0(¢f)  (A29)

where P(0) is an arbitrary pressure level at ( = 0. Plots of the asymptotic ex-
pansions (A.24)-(A.29) compared to the numerical solution can be found in Fig-

ures A.3-A.5.

A.4 Expansion for ( — oo

Far away from the rotating surface, we expect that the flow will become primarily
axial so that as ¢ — oo, H(¢{) - —a whereas F({) — 0 and G(¢) — 0. In this limit,

one can argue that (A.9)—-(A.10) effectively become
F"+aF ~0, G"+ aG' ~ 0, (A.30)

implying that an expansion in terms of exponential functions may be possible. With

this in mind, we assume for { — oo,

F=Y Ae ™, G =) B,e ", H =Y Chpe ™, (A.31)

n=0 n=0 n=0
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with Ay = By = 0 and C; = —a to satisfy the boundary conditions. Once again,

continuing the analysis, one finds consistent with [7], and letting C? = A} + Bj,

that
C? A C? C?
F — A —a¢ —2a§ —3af 1 A2 B2 —4a(
(©) 1€ 2@2 * 4ot “Jat © 144046( AL+ Bie
AIO2 2 2\ ,—5al —6aC
+ Tieges (G1AT + 13B)e ™ + Oe ™), (A.32)
B,C? A B,C? B,C?
— —af 1 —3a( 121 —4af 1 2 2\ ,—5al
G(¢) = Bie ot © T e 99008 (53A7 + 5B7)e
+0(e ), (A.33)
_ 24, —aC c? —2a< AIC —3al C? 2 2\ ,—4al
H({=—-a+— > 2a3¢ + 6o © — 288047<17A1+B1)e
AlC2 2 2\ ,—5al —6aC
+ egoa (0147 + 13B)e ™ + Ofe ). (A.34)

In this limit, we identify oo = 0.884919 and
(A1, By) = <nm e (F(¢), G(C)) ~ (0.93344,1.21046), (A.35)

and from (A.14)

P(¢) = P(0) + o 4= (343 — BY)e 2 — %e_‘%‘c + — (27A2 + 11B%)e ¢
2 2a? 3at 960
A, C?
~ TR (2141 + 13B])e ™ 1+ 0(e7). (A.36)

A comparison of these asymptotic expansions for the various components of the

velocity are plotted in Figures A.3—-A.5.
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Figure A.3: The F({) component of the system (A.9)-(A.12) together with the
asymptotic expansions (A.24) and (A.32).
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—— Numerical
® SeriesatC=0
B SeriesatT=

Figure A.4: The G(¢) component of the system (A.9)-(A.12) together with the
asymptotic expansions (A.25) and (A.33).
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Figure A.5: The —H (() component of the system (A.9)-(A.12) together with the
asymptotic expansions (A.26) and (A.34).
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APPENDIX

ExTtrRA RESuLTs

The following analysis is taken from Appendix A of [3] and referenced in Sec-
tion 5.1, and is used with the permission of the author. It assumes that there is

a significant amount of [Cl~] in solution to drive the reaction.

As stated in Section 5.1, both [HT], and [H*]. satisfy algebraic relations that can
be solved explicitly for a given set of parameters. As noticed by Mitchell et al. [26],
the variability of the parameters over many orders of magnitude decouples the car-
bonic acid system into effectively disjoint regions. Their accessibility is governed by
the partial pressure of carbon dioxide and the amount of chlorine in solution. For
[H*]o this results in the asymptotic expansion

1/2 K Kp
(1 () ro(iE)). Ko<

[H"]o ~ (B.1)

1/2

137 (1 (1 ) () + O(52) ) . K> K,
P
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with

_ _ 1/2 — c
TC S A (< _ a7 _ K

sothat 0 < k| < % and using the data in Table 3.1, 0 < ky < KgK\ﬁv_l/2 ~ 4.66 X
10~ as [CI7] takes on all possible nonzero values. In the region where! Kp < Kpy,
[H*]p ~ [CI7] and that the concentration of bicarbonate increases with Kp until
[H*]p ~ [HCO3 ] for Kp > Kpy.

When calcium is present none of the equilibrium constraints can be neglected.
From (3.38), at equilibrium, [CO,] = O(Kp) and [HyCO30] = O(Kp) so if [HT] =
O(K3) for a given s then? from the equilibrium conditions (3.33), [HCO3; | = O (K §_5> ,
[OH"] = (’)(Kp’s) and [CO3 7| = (’)(Kli’%) whereas (3.46) implies that [Ca®*],. =
O(Kz).

It is relatively straightforward to show that [H*] is monotonic with Kp through

differentiation, and substitution, giving

dH e sz HF]% + [HY]o + 255
dRp e [HTJ% + 3[HT2, — 2[CI][H ] — Ky — Kp 53
(gl + [H]oc + 2665 ) [H)- o
= >
s (Y1 + [CIT][HY]Z + 2 (K + Kp) [HY]o + 6 K5 Kp
with
_ K3
A= Ky (B.4)

For small Kp, the dominant positive term is [HT]% /AKp, eventually becoming [HT]2,
as Kp increases. Physically this corresponds to an exchange of the dominant pos-

itively charged ionic species from calcium to hydrogen with an increase in partial

!For very low to vanishing levels of [CI~], [HT] ~ [OH™] in the Kp < Kpo region.

’In expressions (B.1), (B.5), (B.9), s € {0, 3, 1, 2}.
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pressure of carbon dioxide. The dominant negative term is more complicated mov-
ing from the K{[H"]. term to [CI7][H*]2,, provided [CI~] is large enough. Finally
to .K})[Hﬂoo as Kp increases, reﬂecting exchanges in the dominant negative ionic
species from hydroxide to chlorine, and to bicarbonate ions. A detailed discussion

of the equilibrium chemistry can now be revealed.

Referring to the right panel of Figure 3.2, in region I Kp is sufficiently small
so that [HT]2 /AKp ~ K{[H"]., corresponding to 2[Ca*"|,.x =~ [OH7]. In this re-
gion, the very low partial pressure drives dissolved CO, from solution, reducing
the amount of HCO; and H,CO30, which in turn drives down [HT]. As [H"], =
O(K%/S) in this region, [HCO3 | = O(Kg/s) and [CO3 7] = O(K;/S) are both increas-
ing and [Ca*" | pax = O(KP_I/3) ,[OH7] = O(KP_IB) both decrease with Kp.

For appreciable levels of chlorine, A\[CI7]* > K{, ([CI"] = 1.25 x 107* M) the
dominant balance becomes [H |4 /AKp ~ [CI7][H*]% corresponding to 2[Ca® ] ax =~
[CI7] and indicated as region II on the figure. Because [OH~] < [CI7] < [HCO3], the
chlorine ions rather than the hydroxide ions balance the calcium. Noting that from
the dominant balance, [H*],, = (’)(Ké/z), one has [HCO;] = (’)(Kllﬂ), [OH7] =
O (KII Y 2), [CO3™] = O(1) and the maximum amount of dissolved calcium becomes
independent of Kp with [Ca?t],.x = O(1).

Increasing Kp further, the bicarbonate level increases until it exceeds [Cl~ ] re-
sulting in the formation of region III with a dominant balance of 2[Ca’" ] ~
[HCO3 ] ([HT]): /AKp ~ Kp[H'].). Because [H"]|,, = (’)(KI%B), the remaining de-
pendencies are [HCO5| = O(Kll/g’), [OH™] = O(KITQ/B), [CO37] = O(Kgl/?’) and
[Ca*M | ppax = O(Ké/ 3). Finally, region IV corresponds to a switch in the dominant
positive ionic species to hydrogen ions giving the dominant balance of [H"]?, ~
Kp[H"] yielding [HT]» = O(K;/Q) as in region II.

For each of these regions one can expand [H*], in powers of Kp and build a

composite expression for the whole domain. Summarizing the results to the first
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two nontrivial terms in each branch, when \[CI™]* > K7, gives

] = K (mwws PR ) K K,
1/2 1 2 1/2 12 22
Ha_K/( Prrie k), kY < Kp < KT,
1/2 1/2 1/2 (22) (23)
IIb_KP - ’ KP <<KP<<KP ’
[H]o ~ ( 2] ) (B.5)
HH ] = K2 (Al/?’ LR, 1Y < e < Y,
[ 111b - 2/3 (/\1/3 AK1/3> ) KI(’33) < KP < KI(’34)7
1/2 —1/2 34
Hf ] = KP/ ( o %KP / ) ) Kp > KI(’ )a
with
K¢ 2 p(12)
K — /\W[Cif]?’ 12 ~ 7793, K& = kg, (B.6)
93 _ 53 _ [CIT]P?
K& = \CIPFe, £ ~ 0.1295, K8 = N (B.7)
(34) Jé
Ky = =5, fBY ~ 2041, (B.8)

determined by enforcing continuity at the transition points. In detail for K {2 match-
ing the lower order terms gives the condition (AK§ Kp)'/? ~ (A[CI7]Kp)Y/? imply-
ing that K§'” has the form K§?2/(A[CI=]%). By letting K\'® = K&2 712 /(A[CI]?)
one finds that to enforce continuity at K\'*, f(12) satisfies 6 /% + 22/ = 6 f1/2 + 3
with solution f(!?) ~ 7.723. The other values are obtained in a similar fashion. In
detail, f*¥ ~ 0.1295 satisfies 6f%/¢ + 3f2/3 = 6f1/% + 2 and f®% ~ 2.041 satisfies
6f2/3 —of =6f2 —3

The effect of changing [Cl~ ] only changes the domain of region II and at low

enough concentrations, A\[CI"]* < K, branch II is removed and we have the sim-
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plified ([H"], and [H*],. modified) result

[H-i—]I — K5/3 (()\K&V)l/?’ + 2\1/3 Kp) 7 Kp < ng,

3KG23

1/3grc c 3/4
Ht | = K2/* (Al/?’ + A;(WKIﬂ) . K< Kp < B

[H oo ~ (B.9)
c 3/4
[H+]mb - Kg/?) ()‘1/3 B %K;/3) ? Ii\vY/Q < Kp <L KI()34)7
Hlw = K (1= 5555 77). Kp > K.

Algebraically, the [HT ], branches could be lost if region II extended into region
IV which would require a chlorine concentration in excess of A\™* ~ 191 M which is

not physically possible.
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TEMPERATURE DEPENDENT RATE

COEFFICIENTS

The rate and equilibrium coefficients for the carbonate system at 298.15 K are de-
scribed in Table 3.1. In this appendix the temperature dependence of these reactions

are given as a continuous function chosen to fit observed experimental data.
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AprpPENDIX C. TEMPERATURE DEPENDENT RATE COEFFICIENTS

Table C.1: Temperature dependent rate and equilibrium constants associated with
the carbonic acid system.

@  Units log,, Q(T) Ref.
by 57! 329.850 — 17265.47~1 — 110.54log;, T [41]
ko, st 13.558 — 3617.17* [41]
ko  M7lsT! 13,635 — 28957 [41]
oy s 14.09 — 53087 [41]
K, M —252.046 + 100477 " + 86.888 logyo T =k g
K, M —107.8871 + 5151.797~" — 0.03252849T [33]
+38.92561 log,, T — 563713.97 2
Kw M? 64.7013 — 6013.797~ — 23.6521 log,, T [11]
Ky Matm™ 108.3865 — 6919.537~" + 0.019850767° [33]
—40.45154 log,, T + 6693657
Ky M — [30]
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AppPENDIX D. PLUMMER AND WIGLEY, 1976 DaTA

Table D.1: pH versus time minutes for the dissolution of Icelandic spar in CO»(g)
saturated at 0.97 atm and 25°C. Runs 7-11 reproduced from [34].

Run #7 Run #8 Run #9 Run #10 Run #11 Run #11 (cont)
min pH min pH min pH min pH min pH min pH
0.00 3919 0.00 3919  0.00 3919 0.00 3919  0.00 3919  224.00 5.815
0.50 5.050 0.25 4500 0.25 4340 125 4230 1.00 4260 233.00 5.820
1.00 5280 0.50 4800 0.50 4520 2.00 4450 1.50 4360 245.00 5.825
1.50 5420 0.75 4950 0.75 4.650 2.50 4530 2.00 4440 259.00 5.830
2.00 5.500 1.00 5.050 1.00 4720 3.00 4580 2.50 4530 269.00 5.835
3.00 5620 1.25 5120 1.25 4780 4.00 4.680 3.00 4560 291.00 5.840
4.00 5700 1.50 5180 1.50 4.840 5.00 4750 5.00 4720 311.00 5.845
5.00 5750 1.75 5230 175 4900 6.00 4830 6.00 4780  344.00 5.850
6.00 5790 2.00 5270 2.00 4940 7.00 4.880 7.00 4.830 367.00 5.855
7.00 5820 2.25 5310 225 4970 8.00 4925 8.00 4.870  425.00 5.860
8.00 5.840 2.50 5340 250 5.000 9.00 4960 9.00 4910 510.00 5.865

9.00 5860 275 5370 275 5.030 10.00 5.040 10.00 4940 747.00 5.870
11.00 5.890 3.00 5400 3.00 5.065 11.00 5.080 11.00 4975 877.00 5.875
13.00 5905 3.25 5420 3.50 5112 12.00 5110 12.00 5.000 917.00 5.880
15.00 5940 3.50 5450 4.00 5.160 13.00 5140 13.00 5.025 1027.00 5.885
18.00 5942  4.00 5490 450 5200 14.00 5170  14.00 5.050 1087.00 5.890
22.00 5950 4.50 5520 5.00 5230 15.00 5220 15.00 5070 1260.00 5.895
27.00 5958 5.00 5550 5.50 5250 18.00 5290 17.00 5110 1440.00 5.900
37.00 5968 5.50 5580  6.00 5285 21.00 5310 19.00 5.140
52.00 5978  6.00 5.605 6.50 5315 22.00 5330 21.00 5.175
72.00 5981 7.00 5.650 7.00 5335 25.00 5.390 23.00 5.200
102.00 5987 8.00 5690 7.50 5.360  28.00 5430 25.00 5.230
152.00 5989  9.00 5715  8.00 5380 31.00 5460 28.00 5.260
677.00 5999 11.00 5763  8.50 5400 35.00 5480  30.00 5.282

13.00 5.800 9.00 5420  40.00 5.580  33.00 5.320

15.00 5.825 10.00 5.450  45.00 5.620 36.00 5.350

18.00 5.855 11.00 5.480  50.00 5.650  40.00 5.376

23.00 5.890 12.00 5510  55.00 5.680 43.00 5.398

28.00 5910 13.00 5530  65.00 5730  46.50 5.420

33.00 5924  14.00 5.552  75.00 5.755  51.00 5.455

38.00 5932  15.00 5571  91.00 5780  56.00 5.478

43.00 5940 17.00 5.610 175.00 5.820 61.00 5.500

53.00 5951 19.00 5.640  205.00 5.838  66.00 5.522

94.00 5969  21.00 5.678  355.00 5.872  70.00 5.540

169.00 5980 23.00 5700  475.00 5.896  75.00 5.558

964.00 6.020 25.00 5722 1210.00 5.902  80.00 5.580

30.00 5.770 85.00 5.595
35.00 5.805 92.00 5.620
40.00 5.831 98.00 5.632
45.00 5.835 104.00  5.658
55.00 5.890 115.00 5.695
65.00 5911 126.00 5.715
75.00 5.930 139.00 5.735
85.00 5.942 147.00 5.745
115.00 5.969 161.00  5.765
145.00 5.982 176.00  5.780
175.00  5.990 189.00  5.790
205.00 5.991 195.00 5.795
475.00  6.000 210.00  5.805
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AppPeENDIX D. PLuMMER AND WIGLEY, 1976 DATA

Table D.2: pH versus time minutes for the dissolution of Icelandic spar in CO(g)
saturated at 0.97 atm and 25°C. Runs 12-14 reproduced from [34].

Run #12 Run #12 (cont) Run #13 Run #13 (cont) Run #14 Run #14 (cont)

min pH min pH min pH min pH min pH min pH

0.00 3919 11500 5630 0.00 3919 75.00 5.197 0.00 3.919 130.00 5.700
1.00 3980 135.00 5665 1.00 3.970 80.00 5220 1.00 4120 160.00 5.755
2.00 4120 165.00 5715 2.00 4.060 85.00 5.240 2.00 4250 190.00 5.780
3.00 4240 195.00 5.755 3.00 4.140 90.00 5260 3.00 4360 210.00 5.800
4.00 4330 225.00 5788 4.00 4.200 100.00 5300 4.00 4.480 250.00 5.810
5.00 4400 255.00 5.812 500 4260 110.00 5330 5.00 4.560 290.00 5.820
6.00 4470 285.00 5835 6.00 4310 120.00 5360 6.00 4.630 356.00 5.837
7.00 4520 315.00 5855 7.00 4360 130.00 5385 7.00 4.690 965.00 5.872
8.00 4580 345.00 5.865 8.00 4.400 140.00 5.406 8.00 4.750
9.00 4620 375.00 5.872 9.00 4.440 150.00 5420 9.00 4.790
10.00 4.660 405.00 5.880 10.00 4470 180.00 5479 10.00 4.840
11.00 4700 43500 5.886 11.00 4.500 210.00 5522 11.00 4.880
12.00 4730 720.00 5.920 12.00 4.530 240.00 5560 12.00 4.910
13.00 4.760 1295.00 5.930 13.00 4.560 270.00 5592 13.00 4.950
14.00 4790 2375.00 5.950 14.00 4.590 300.00 5.620 14.00 4.980

15.00 4.820 15.00 4.610 330.00 5.645 15.00 5.010
16.00  4.850 16.00 4.636 360.00 5.668 16.00 5.035
16.00  4.870 17.00 4.660 390.00 5.685 17.00  5.060
17.00  4.890 18.00 4.680 420.00 5700 18.00 5.080
18.00 4.910 19.00 4.700 450.00 5.710 19.00  5.100
19.00  4.930 20.00 4.715 490.00 5730 20.00 5.120
20.00  5.020 22.00 4.750 51500 5735 28.00 5.220
25.00  5.100 2400 4780 71500 5780 30.00 5.250
35.00 5.180 26.00 4.810 945.00 5.810 35.00 5.300
40.00 5.230 28.00 4.840 1155.00 5.825 40.00 5.350
45.00 5.270 30.00 4.860 1350.00 5.840 45.00 5.390
50.00 5.320 35.00 4920 1710.00 5.850 50.00 5.430
55.00 5.360 40.00 4967 1950.00 5.865 55.00 5.460
60.00  5.400 45.00 5.005 2175.00 5.870 60.00 5.500
65.00  5.430 50.00 5.045 2925.00 5.885 70.00 5.540
75.00  5.480 55.00 5.080 80.00  5.570
85.00  5.520 60.00 5.112 90.00  5.600
95.00 5.560 65.00 5.140 100.00 5.635
105.00 5.595 70.00 5.170 107.00 5.660
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ArpeEnDIX E. PLuMMER, WIGLEY, AND PARKHURT, 1978 DATA

Table E.1: pH-stat results in the range 3.8 < pH < 5.5. Data is reproduced from
Table 1 of [35]. “Air’ denotes Pco, = 1073 atm ~ 316 ppm.

Run Temp Pco, Stirring K1 log; (k2 ([H2CO3%+
no. (°C) (atm) rate(rpm) (cms™!) +[CO2]) + K3)
100 25 Air 1800 0.039 -6.721
90 11.5 Air 1800 0.043 -6.699
63 25.0 0.003 800 0.043 -6.620
70 25.0 0.003 800 0.046 -6.699
75 25.0 0.003 1800 0.051 -6.585
62 25.0 0.10 800 0.049 -6.523
72 25.0 0.10 800 0.049 -6.523
81 25.0 0.10 1300 0.049 -6.523
61 25.0 0.30 800 0.059 -6.260
71 25.0 0.30 800 0.059 -6.260
79 25.0 0.48 1300 0.052 -6.125
80 25.0 0.48 1300 0.052 -6.125
78 25.0 0.67 1300 0.052 -5.979
69 25.0 0.97 1300 0.049 -
77 25.0 0.96 1100 0.056 -5.824
85 34.0 Air 800 0.068 -6.301
85 34.0 Air 1800 0.077 -6.301
85 34.0 Air 2300 0.082 -6.301
91 34.0 Air 1800 0.050 -6.260
92 34.0 Air 800 0.043 -6.260
93 34.0 Air 1300 0.053 -6.284
94 34.0 Air 1800 0.057 -6.301
95 34.0 Air 2300 0.064 -6.456
96 34.0 Air 800 0.054 -6.398
97 34.0 Air 1300 0.060 -6.301
98 34.0 Air 1800 0.064 -6.569
99 34.0 Air 1800 0.056 -6.161
87 45.0 Air 2300 0.068 -6.022
88 55.0 Air 2300 0.071 -6.027
89 70.0 Air 2300 0.075 -5.757
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ArrenDIX E. PLuMMER, WIGLEY, AND PARKHURT, 1978 DATA

Table E.2: free-drift results reproduced from Table 2 of [35].

Run Temp Pco, k1 log; o (k2 ([H2CO3%]+

no. (°C)  (atm) (cms7!) +[CO3]) + K3) logy K4
29 5.0 0.03030 0.03997 -6.959 -2.101
27 5.0 0.28400 0.03997 -6.502 -2.238
5 5.0 0.95700 0.03997 -6.195 -2.277
3 5.0 0.96600 0.03997 -6.040 -2.199
6 5.0 0.96900 0.03997 -6.064 -2.204
4 5.0 0.97400 0.03997 -6.162 -2.259
26 15.0 0.00290 0.04541 -6.879 -1.255
21 15.0 0.02990 0.04541 -6.914 -1.832
19 15.0 0.28000 0.04541 -6.783 -2.268
8 15.0 0.96600 0.04541 -6.045 -2.017
9 15.0 0.97800 0.04541 -6.025 -2.032
17 25.0 0.00280 0.05115 -6.896 -1.031
14 25.0 0.00286 0.05115 -6.921 -1.040
13 25.0 0.02950 0.05115 -6.775 -1.604
16 25.0 0.02950 0.05115 -6.796 -1.577
12 25.0 0.27700 0.05115 -6.406 -1.826
10 25.0 0.95500 0.05115 -5.932 -1.754
11 25.0 0.95500 0.05115 -5.995 -1.739
15 25.0 0.96200 0.05115 -5.979 -1.650
38 25.0 0.95700 0.05115 -5.884 -1.638
Bl 27.0 0.94500 0.05233 -5.924 -1.673
B2 27.5 0.94500 0.05263 -5.903 -1.638
31 34.0 0.02920 0.05655 -6.666 -1.358
32 34.0 0.29800 0.05655 -6.201 -1.490
30 34.0 0.94600 0.05655 -5.847 -1.460
B3 34.0 0.92800 0.05655 -5.831 -1.419
B4 34.9 0.92800 0.05711 -5.809 -1.415
36 48.0 0.02740  0.06538 -6.400 -0.893
35 48.0 0.28100 0.06538 -6.001 -1.079
34 48.0 0.28000 0.06538 -5.984 -1.059
37 48.0 0.88500 0.06538 -5.601 -1.060
B5 49.0 0.86400 0.06603 -5.586 -1.044
B6 49.0 0.86400 0.06603 -5.600 -1.032
B7 62.0 0.75400 0.07468 -5.448 -0.669
B8 62.8 0.74500 0.07523 -5.460 -0.642
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22

23

24

APPENDIX

ComruteR CODE

F.1 Model Code

function bvp_vonKarman_cub_new_2020

clc
clear all
close all

ZL 5; Z Mazimum distance over which to solve the PDE

Cl = 1e-2; % [Cl-] concentration to set the pH of the fluid
PCO2inPPM = 400e-6; J PCO2 = 400 ppm in

PO =1; 7 1 atm of air

Tc = 25; ) T = 25 Celcius

rpm = 100; % Rotation rate in rpm

PCO2 = PCO2inPPM*PO; 7/ The actual partial pressure of CO2

flags newton = 1; / Flag to show [HO] and [Hinf] details (Newton solvers)
flags_rundata = 1; / Show parameters of the run

flags_kvals = 1; 7 Flag to show k values

flags_consistency = 1; / Consistency checks

/s A) KP, 2*Ksp/K2/KP, KW, 2*K2+KP with wvalues reports in section 3.3.3

/4 B) HO, KW/HO, KP/HO, K2*KP/HO 2 with approzimate values using [Cl]

/4 C) Hinf, KW/Hinf, KP/Hinf, K2*KP/Hinf 2, Ksp*Hinf 2/K2/KP

flags_showhO = 1; J Dumps out the calculation of hO

flags_showhinf = 1; / Dumps out the calculation of hinf

flags_init = 0;/ Diagnostic flag to show initial guesses for the fcns
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F.1. MopeL Cobpke ArprenDIX F. CompuTER CODE

if flags_rundata ==

setl
k1l =

fprintf ('Dynamic code solving on ZL = %5.3f at a temperature of Tc = %5.3f\n',ZL,Tc)

fprintf ('Chlorine concentration of %5.3e (pH = %5.3f)\n',Cl,-10gl10(C1))
fprintf ('PCO2 pressure of %7.3f ppm in %5.3f atm\n',PCO2inPPM*1e6,P0)
fprintf ('Rotation rate of %7.3f rpm\n',rpm)
if flags kvals == 1

fprintf ('TRUE: Show k values\n')
else

fprintf ('FALSE: Show k values\n')

end
if flags newton == 1

fprintf ('TRUE: Show [HO], [Hinf] details\n')
else

fprintf ('FALSE: Show [HO], [Hinf] details\n')
end

if flags init ==

fprintf ('TRUE: Show initial functions\n')
else

fprintf ('FALSE: Show initial functions\n\n')
end

= rock_kcarbonatevals(Tc);
set1(1); kml = setl1(2); k2 = setl1(3); km2 = set1(4);

KW=set1(5); K2=setl1(6); Kl=setl1(7); KH=set1(8); Klprime=K1xkl/(kl+kml);

Ksp=
KP =

set1(9);
k2/km2*KW+KH*PC02;

if flags_kvals ==

end

fprintf ('Chemical parameters at T = %5.2fK (%5.2fC)\n',Tc + 273.16,Tc);
fprintf('k+1 = 76.3e ',k1)
fprintf('k-1 = %6.3e \n',kml)

fprintf ('k+2 = 76.3e ',k2)

fprintf ('k-2 = %6.3e\n',km2)
fprintf ('K1 = 76.3e ',K1)

fprintf ('K1'' = 76.3e \n',Kiprime)
fprintf ('K2 = %6.3e \n',K2)
fprintf ("KW = 76.3e ',KW)

fprintf ('"KH = %6.3e\n',KH)
fprintf ('Ksp = %6.3e\n',Ksp)
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AprpPenDIX F. CoMmpPUTER CODE F.1. MopeL Cope

if flags_consistency ==
fprintf ('\nTest of consistency (K values).\n')
fprintf('These two lines should be the same at 25C\n')
fprintf (' [KP=76.3e 2xKsp/K2/KP=Y,6.3e KW=7,6.3e 2xK2xKP=J,6.3e] (Calculated)\n',.
KP,2*Ksp/K2/KP ,KW, 2*K2*KP)
fprintf (' [KP=%6.3e 2%Ksp/K2/KP=7,6.3e KW=)6.3e 2xK2*KP=Y6.3e] (Thesis section 3
5.99e-12,3.19e13,1.01e-14,5.61e-22)

/4 [HO] satisfies f = HO3 - Cl*HO 2 - (KW+KP)*HO - 2*K2*KP = 0 and we

/i choose [HO] = lam*[Cl] with lam = 1 initially.

/4 Interate to find lam with f = lam™3 - lam™2 - (KW+KP)/Cl 2*¥lam - 2*K2*KP/Cl"3
lam = 1;j = 1;f = 1;

if flags_newton == 1, fprintf('Newton iterations to compute HO\n'), end
while (j < 20 && abs(f) > eps)
if flags newton == 1, fprintf('j = %3i lam = %16.13e err = 5.3e\n',j,lam,f),

f = lam™3 - lam™2 - (KW+KP)/Cl~2*lam - 2%K2*KP/C173;
fp = 3*lam™2 - 2xlam - (KW+KP)/Cl72;
lam = lam - f/fp;
j=3+1;
end
HO = lam*Cl;
if abs(f) > eps
fprintf ('ERROR: HO DID NOT CONVERGE\n')
else
fprintf('j = %31 lam = %16.13e err = 75.3e\n',j,lam,f)

end
fprintf (' Computed HO = %16.13e\n',HO)
if flags_consistency == 1
fprintf ('\nTest of consistency (HO values).\n')
fprintf (' (Calculated) (Thesis section 3.3.3)\n')
fprintf (' (H)  =%16.13e (H)  =%16.13e\n',H0,C1l)
fprintf (' (OH) =%16.13e (OH) =%16.13e\n',KW/HO,KW/C1)
fprintf (' (HCO3)=%16.13e (HCO03)=%16.13e\n',KP/H0,KP/C1)
fprintf (' (CO3) =%16.13e (C03) =%16.13e\n\n',K2*KP/H0"2,K2*KP/C1"2)
end

4 [Hinf] satisfies f = 2*%KP/K2KP+*Hinf 4 + Hinf 3 - Cl*Hinf 2 - (KW+KP)*Hinf - 2%
/i choose [Hinf] = lam*sqrt(K2*KP*Cl/2/Ksp) with lam = 1 initially.

/4 Interate to find lam with

A f = lam™4 + gam/Cl*lam™3 - lam™2 - (KW+KP)/Cl/qam*lam - 2*K2*KP/Cl/qam 2 = 0

117



115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

F.1. MopeL Cobpke

ArprenDIX F. CompuTER CODE

%4 and gam = sqrt (K2*KP*Cl/2/Ksp)

lam = 1;j = 1;f = 1;

gam = sqrt(K2*KP*C1/2/Ksp) ;
if flags newton == 1, fprintf('Newton iterations to compute Hinf\n'), end
while (j < 20 && abs(f) > eps)

if flags_newton ==

, fprintf('j

= %31 lam = %16.13e err = %5.3e\n',j,lam,f), end

f = lam™4 + lam™3*gam/Cl - lam™2 - (KW+KP)/Cl/gam*lam - 2*K2*KP/Cl/gam~2;
fp = 4%lam™3 + 3*lam”2*gam/Cl - 2xlam - (KW+KP)/Cl/gam;

lam = lam - f/fp;
=3+

end

Hinf = lam*gam;

if abs(f) > eps

fprintf ('ERROR: Hinf DID NOT CONVERGE\n')

else

fprintf('j = %31 lam
end
fprintf ('Computed Hinf =
if flags_consistency ==

%16.13e err

= %5.3e\n',j,lam,f)

%16.13e\n"' ,Hinf)

fprintf('\nTest of consistency ([Hinf] values).\n')

fprintf (' (Calculated
fprintf (' (H)  =}16.
fprintf (' (OH) =%16.
fprintf (' (HCO3)=%16.
fprintf (' (CO3) =%16.
fprintf (' (Ca) =%16.

end

cmax = Ksp*Hinf~2/K2/KP;

)

13e
13e
13e
13e
13e

(H)  =%16.
(0OH) =%16.
(HC03)=%16.
(c03) =%16.
(Ca) =}16.

(Thesis section 3.3.3)\n')
13e\n',Hinf,gam)
13e\n',KW/Hinf ,KW/gam)
13e\n',KP/Hinf ,KP/gam)
13e\n',K2*KP/Hinf "2 ,K2*KP/gam~2)
13e\n\n',Ksp*Hinf~2/K2/KP,Ksp*gam~2/K2/KP)

/4 1A: DCO2 (Diffusion coefficient of dissolved CO2: Zeebe, 2011)

32 3¢ ¢ 3¢ e e A
2oL

n
o
ct
N

Sc = set2(1); Re = set2(2);

omega = set2(3);
cs = set2(4);

/Rd = set2(5); Rv = set2(6);

St = (cs-cmax)/cmax;
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1B: nu (Viscosity of water: Kreslin, 1978)
Sc (Schmidt number)

: Re (Reynolds mumber)
omega (Rotation rate in rad/sec)
cs (Molarity of calctum in a calcite crystal)
: Rd (Radius of sample)
: Rv (Radius of container)
= rock_carbonatedissnparams(Tc,rpm);
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AprpPenDIX F. CoMmpPUTER CODE F.1. MopeL Cope

if flags_rundata ==
fprintf ('Reynolds number: %10.6f\n',Re)
fprintf ('Schmidt number: %10.6f\n',Sc)
fprintf('Rotation rate: %10.6f rad/sec\n',omega)
fprintf (' [Ca2+] in calcite = %10.6f mol/1\n',cs)
fprintf ('Stefan number: %10.6e (exact) %10.6e (approx)\n',St, (cs-C1/2)/(C1/2))
fprintf (' [Ca2+] maximal value: 7%10.6e (exact) %10.6e (approx)\n\n',cmax,Cl/2)

/4 This code solves the fluid transition (von Karman) flow along with the
/4 concentration equations with zero order u,b,c. Solving this bup
consisting of a higher-order UDEs using bup4c built in routine

y~(n) = f(z,y,y',...,y " (n-1)) with BV: y(a)=ya, y(b)=yb,

Rewritten as a system of 1st order ODEs Y'=F(z,Y) with BC: Y(b)=[y0;y1;...]
with the differential equations are: (the indepenent wvariable is z)

F'' =F2 - G2 + F'*H,
G'' = 2xF*G + G'*H,
2xF +H' = 0.

4 In the von Karman Fluid flow H ts the wvertical component, G ts the flow
theta direction and F ts the radial component direction and F is the

B

subject to the following boundary conditions

F(0) =0, G(0) =1, H(0) = 0,
F(infinity) = 0, G(infinity) = O.

For the Ca2+, HCO2-

H¥c' - ¢''/Sc = 0,
c(0) = (HO/Hinf) "2*h0"2/u0, c(infinity) = 0,

4 From the third equation H'= -2F, by subsituting for F and tts derivatives
5 with H we reduce to two wvariables

B RN I N I N I I N I R R N N IR RN N N R NN

} a) -0.5%H'''" = (-0.5%H') 2 - (G) 2 + (-0.5H'')*H or
A H''' = -0.5%(H') 2 + 2%(G) 2 + H''*H, (A.7a)
2 b) G'' = 2%x(-0.5%¥H')*G + G'*H or

A G'' = -H'*xG + G'*H. (4.70)

V4

/4 with boundary conditions
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% H(0)
% G(0)

0, H'(0) = 0, H'(infinity) = 0,
1, G(infinity) = 0.

/4 Start with letting y1 = H, y2 =H', y3=H'', y4 =G, y5 = G'

A yl'
A y2!
A y3'
% y4!
s yb!

y2, y1(0) 0,

y3, y2(0) = 0, y2(infinity) = 0,

-0.5%y272 + 2¥yl 2 + y1*y3, y3(0) = 2 (H''(0) = -2%al)
y5, y4(0) =1, y4(infinity) = 0,

—y2*y4 + yl*ys, y5(0) = 2 (G'(0) = b1)

4 Taking y6 = c, y7 = c'

7 y6' = y7, y6(0) = (HO/Hinf) "2%h0~2/u0
A y7' = Scxylxy7, y6(infinity) = 0.

if flags_showhO ==
temp = geth0(1,0,0);
fprintf('Verify that hO with u0 = 1 gives back Hinf\n')
fprintf('h0 with u0 = 1 is 7%16.13e, Hinf = %16.13e\n\n’',temp(1)*HO,Hinf)

if flags_showhinf ==
temp = gethinf(0,0,0);
fprintf ('Verify that hinf with cinf = 0 gives back HO\n')
fprintf ('hinf with cinf = 0 is %16.13e, HO = %16.13e\n\n',temp(1)*HO,HO)

if (flags_showhinf == 1) || (flags_showhO == 1)
cvals = linspace(0,1);
for jjj = 1l:length(cvals)
temp = gethinf(cvals(jjj),0,0);
hinfvals(jjj) = temp(1l);
fprintf ('j=%5i c=%16.13e h=%16.13e\n',jjj,cvals(jjj),temp(1))
end
figure(20)
semilogy(cvals,hinfvals, 'b-0'), hold on
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Fa

. MopEeL Cobpe

plot([0.945 0.945], [1e-8 2.835131840451e3],'r-")

end

JuOvals
Julvals

/i Summary

SoLs = [..

.99

.98

.97

.969
.968
.967
.966
.965
.964
.963
.962
.961
.960
.955
.950
.945
.940

O O O OO O OO OO OO OOoO o oo

logspace(-8,-6,60); ROUGH 1
linspace(1.3e-7,1.6e-7,30); REFINED 1

of the solutions that have been extracted
4 cinf Bound(left) Bound(right) ZL RelTol AbsTol
/s Default RelTol = 1e-3 Default AbsTol = le-6

.0e-1
.0e-1
.0e-1
.0e-1
.0e-1
.0e0
.0el
.0el
.0e2
.6e2
.4e2
.3e2
.3e2
.0e3
.8e3
.8e3
.4e3

W NP, P, PP ONFE,PP OONFE O O O O O

myrow = 15;
Amyrow = 17;
semilogy(SOLS(:,1),S0LS(:,4),'ro")

s Z =25,

sulvals =
Julvals =
Julvals =
Julvals =
Zulvals =
sulvals =
Julvals =
Julvals =
Julvals =
Zulvals =
sulvals =
sulvals =

linspace (0.
linspace (0.
linspace (0.
linspace (0.
linspace(1.
linspace (3.
linspace (2.
linspace (5.
linspace(1.
linspace(1.

WNNEFP, P, D ONPP,PON DR, R, R, R -

.0e0
.0e0
.0e0
.0e0
.0e0
.0e0
.bel
.0el
.1le2
.8e2
.5e2
.4e2
.4e2
.1e3
.9e3
.9e3
.5e3

NNEFE, R, PP ONE PP, ONWERE O O O o

9993625, 0. 9993626,2) ; Ycinf
9966629, 0. 9966630,2) ; Ycinf
9936459, 0. 9936460,2) ; Hcinf
9985453, 0.9985454,2); Hcinf =
04740633,1.04740634,2); Ycinf
53347531, 3.53347533,2); Ycinf
07963447e1,2.07963448e1,2); Ycinf =
60632/61e1,5.60632462e1,2); Ycinf
06783053e2, 1.06783054€2,2) ; jcinf =
709842032, 1.70984204e2,2); Hcinf =

.9936242587e-1 5 1e-3 1le-6;...
.9666246710e-1 5 1e-3 1e-6;...
.93645085210e-1 5 1e-3 1le-6;...
.985452182044e-1 5 1e-3 1e-6;...
.047413945080e0 5 1e-3 1e-6;...
.53407650362e0 5 1e-3 1le-6;...
.080169670el1 5 1e-3 1le-6;...
.60779170952e1 5 1e-3 1e-6;...
.068107576783e2 5 1e-3 1le-6;...
.710279514449e2 5 1e-3 1le-6;...
.473265159132e2 5 1e-3 1le-6;...
.34658969038e2 5 1e-3 1le-6;...
.3220863434727e2 5 1e-3 1le-6;...
.0535671553495e3 5 1e-3 1e-6;...
.864222196518e3 5 1e-3 1le-6;...
.835131840451e3 5 1e-3 1le-6;...
.835131840451e3 5 1e-3 1e-6];

.99
.98
.97
. 969

I
I © © O O

linspace (2.47263844e2,2.47263845e2,2); Jcinf =

linspace (3.

34574965e2,3.34574965€2,2); Ycinf =
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AuOvals = linspace(4.32101011e2,4.32101012e2,2); Jcinf = 0.96
AuOvals = linspace(1.86377779e3,1.86377780e3,2); Jcinf = 0.95
suOvals = linspace(1.86377779e3,1.86377780e3,2); Jcinf = 0.95 Z = 3

V4
V4
A
VA
V4
V4
V4
V4
A
V4

0

BRI NI N N N NI N RN

<

uOvalsL

AuOvals = linspace(1.8684281010333,1.8684281010335,2); Jcinf = 0.95 Z
Left value tnput = 1.8642221696932e+03
New u0 = 1.8642221965180e+03
1.8642222591002e+03
Results: 49: u0 1.86422217e+03 up0 7.52680772e-05
Left value output = 7.5268077246503e-05
Right walue input = 1.8642222591002e+03
Results: 50: w0 1.86422226e+03 up0 -1.75596884e-04
Right value output = -1.75569688440612e-04
New u0 = 1.8642221965183e+03

= [0.99 0.98 0.97...

0.969 0.968 0.967. ..

0.966 0.965 0.964. ..

0.963 0.962 0.961...

0.96 0.95];

myu0 = [0.9993625 0.9966629 0.9936459. . .
0.9985453 1.04740633 3.53347531. ..
2.07963447el 5.60632461el 1.06783053e2. ..
1.70984203e2 2.47263844e2 3.34574965¢2. . .
4.32101011e2 1.86377779e3];

figure (50)

semilogy (myc,myu0, 'b-o0"')

myc

SOLS (myrow,?2) ;

uOvalsR = SOLS(myrow,3);
ZL = SOLS(myrow,5) ;

A
V4
V4
V4
V4
A
A
%
A

There are three mode of operating:

Single solution
Given a u0, cinf value compute the curves (u, b, c, and h)
and display the curves

Bounds

Given two values of u0 and a single cinf, determine the the these
u0 values bracket a solution where u0'(0) = 0

Interation

method = 'Solution';
Amethod = 'Bounds';
Amethod = 'Search’;
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340
s switch lower (method)

342 case 'solution'

343 NUMITERS = 1;

344 fprintf ('\nSolving for a single solution\n')

35 case 'bounds'

346 NUMITERS = 2;

347 fprintf ('\nDetermining if a solution is bounded\n')
348 case 'search'

349 NUMITERS = 15;

350 fprintf('\nIterating to optimize the solution\n')
351 otherwise

352 NUMITERS = 0;

353 fprintf (' \nUnknown method\n')

¢ end

355

s for loop = 1:NUMITERS

357 Z _______________________________________________________________________
358 /i For a give u0O determine hO and then b0, cO

359 % _______________________________________________________________________
360 if NUMITERS > 1

361 if mod(loop,2)==

362 u0 = uOvalsL;

w4 forintf('Left value input = /16.13e\n’',u0)

364 else

365 u0 = uOvalsR;

6/ fprintf('Right value input = /16.13e\n’',u0)

367 end

368 end

369 if NUMITERS == 1, u0 = SOLS(myrow,4); end

370 temp = geth0(u0,0,0);

371 hO = temp(1);

372 b0 = temp(2);

373 c0 = temp(3);

374 Z _______________________________________________________________________
375 /4 For a give cinf determine hinf and then binf

376 % ———————————————————————————————————————————————————————————————————————
377 cinf = SOLS(myrow,1);

378 uinf = 1;

379 temp = gethinf (cinf,0,0);

380 hinf = temp(1);

381 binf = temp(2);

382 scinf = temp(3);

383 Z _______________________________________________________________________
384 % Show the initial guesses for the wvarious quantities
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N E—————
temp = show_inits(flags_init);
T E———————
/4 Solve the higher-order ODE as a system of first-order ODEs

% _______________________________________________________________________
/4 solver = 'bup4c’;

solver = 'bvpbc';

bvpsolver = fcnchk(solver);

if flags_rundata == 1, options = bvpset('stats','on'); end

options = bvpset('RelTol',SOLS(myrow,6), 'AbsTol',SOLS (myrow,7));

solinit = bvpinit([0,ZL],@fcnsinit);
sol = bvpsolver(@fcnsSolns,@fcnsBC,solinit,options);
4sol = bupsolver(@fcnsSolns,@fcnsBC,solinit);

4 Extract the solution
/syl =H, y2 =H', y3=H'', y4 =G, y5 = G'
A y6 =c, y7=c', y8 = b, y9 =db', y10 = u, yi1 = u'

xfin = linspace(0,ZL);
deval(sol,xfin);
ZH = yfin(1,:);

ZHp = yfin(2,:):

JHpp = yfin(3,:);

4G = yfin(4, :);

AGp = yfin(5,:);

UF = -0.5%yfin(2, :);
c = yfin(6,:);

Jep = yfin(7,:);

b fin(8,:);

Jbp = yfin(9,:);

u = yfin(10,:);

<
Hh
.
B
I

BB = 2#Ksp*Hinf 2*c/K2/KP/HO - KP*b/Hinf/HO - Cl/HO;
CC = -KW/HO"2 - 2xK2*KP/HO"2/Hinf*b;

hp = -BB/2 + sqrt(BB. 2 - 4%AA.*CC)/2;

hn = -BB/2 - sqrt(BB. 2 - 4xAA.*CC)/2;

brhsplot = Hinf*u./HO./hp - b;
urhsplot = -kl1/omega*HO/Hinf* (hp+k2+KW/k1/HO) .*(Hinf*u./HO./hp-b);

/4 If there is a single solution then dump out the curves
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430 % _______________________________________________________________________
31 if NUMITERS ==

132 VA if toggle == 0

433 A figurel = figure(1);

434 A aresl = azes('Parent’, figurel, 'FontSize',16);
435 A hold(azesl, 'all');

436 7 title('Velocity components', 'FontSize',18)

437 A zlabel ('\zeta', 'FontSize',16);

438 A end

439 A plot(zfin,F, 'b-"', 'LineWidth',2, 'Parent’', azesl)
440 VA plot(zfin,G, 'g-', 'LineWidth',2, 'Parent',azesl)
a1 A plot(zfin,H, 'r=', 'LineWidth',2, 'Parent’', azesl)
w2 V4 legend(azes1, 'show', 'F', 'G', 'H')

443

a1 VA if toggle ==

445 VA figure2 = figure(2);

446 7 ares2 = azes('Parent’, figure2, 'FontSize',16);
7 VA hold(azes2, 'all’);

148 A title('[Ca2+] (\zeta)', 'FontSize', 18)

49 A zlabel ('\zeta', 'FontSize',16);

450 VA end

451 figure (1)

5 plot(xfin,c,'b-', 'LineWidth',2), hold on

453 title(' [Ca2+] (\zeta)', 'FontSize',18)

454

455 A figure(1)

456 VA plot(zfin,u, 'b-', 'LineWidth',2), hold on

457 VA figure(2)

458 A plot(zfin,c, 'b-', 'LineWidth',2), hold on

459 VA ylim([0 1])

460 A if toggle ==

461 4 figure3 = figure(3);

462 7 ares3 = azes('Parent’, figure3, 'FontSize',16);
463 VA hold(azes3, 'all’);

164 A title('[HCO3-] (\zeta)', 'FontSize',18)

165 4 zlabel ('\zeta', 'FontSize',16);

466 VA end

467 figure(2)

468 plot(xfin,b, 'b-', 'LineWidth',2), hold on

469 title(' [HCO3-] (\zeta)', 'FontSize',18)

470

a7t 1f toggle ==

figures = figure(4);
aress = azes('Parent’, figure, 'FontSize',16);
hold(azes4, 'all’);

472

473

ENIERNINERN

474
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end

fpri
ulva
upva

%___

VA title('[CO2] (\zeta)', 'FontSize', 18)
A zlabel ('\zeta', 'FontSize',16);

A end

figure(3)

plot(xfin,u,'b-','LineWidth',2), hold on

title (' [CO2] (\zeta)', 'FontSize',18)

1f toggle ==
figureb = figure(5);
azes5 = azes('Parent’, figure5, 'FontSize',16);
hold(azes5, 'all');
title('[H+] (\zeta)', 'FontSize', 18)
zlabel ('\zeta', 'FontSize',16);

SR SR SR IR AR W

end

figure(4)

plot(xfin,hp, 'b-', 'LineWidth',2), hold on

title (' [H+] (\zeta)', 'FontSize',18)

figure(5)

plot (xfin,brhsplot, 'bo', 'LineWidth',2), hold on
title('brhs', 'FontSize',18)

figure(6)
plot(xfin,urhsplot, 'bo', 'LineWidth',2), hold on
title('urhs', 'FontSize',18)

ntf('Loop = %3i\n',loop)
1s(loop) = u0;
1s(loop) = up(1);

% Every two iterations update to a nmew estimate of w0 such that
4 uw0'(0) =0

%___

if mod(loop,2)==1

else

fLEFT = up(1);
fprintf('L: %16.13e (L)

%16.13e\n"' ,u(1) ,up(1))

fRIGHT = up(1);
fprintf ('R: %16.13e £(L) = %16.13e\n',u(l) ,up(1))
uOnew = uOvalsL - fLEFT*(uOvalsR-uOvalsL)/(fRIGHT-fLEFT);
fprintf ('N: %16.13e\n',uOnew)
if abs(fLEFT) < abs(fRIGHT)
uOvalsR = uOnew;
else
uOvalsL
end
if NUMITERS ==

uOnew;
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figure
plot(uOvals,upvals, 'bo-"')
end

function dydx = fcnsSolns(x,y)
/4 Start with letting y1 = H, y2 = H', y3=H'', y4 =G, y5 = G'
V4

%yl =y2, y1(0) = 0,

s y2' = y3, y2(0) = 0, y2(infinity) = 0,

Z y3' = -0.5%y272 + 2xy, 2 + y1*y3, y3(0) = ? (H''(0) = -2+*al)
A yd' = yb, y4(0) = 1, y4(infinity) = O,

A yb' = —y2xy + ylxy5, y5(0) = 2?2 (G'(0) = b1l)

%

s y6 = c, y7 = c'

% y8 =0, y9 = b’

4 yl0= u, y11= u'

%

7 y6' = y7, y6(0) = (HO/Hinf) "2%h0"2/u0,

A y7' = Sckylxy7, y6(infinity) = 0,

A y8' = y9,

4 y9' = Scryl*y9 - Scxkm2/omega/h* (Hinf*u/HO-b*h)
4 ylo'= yli1,

/i yll'= Scxyl*yll - Sc*kl/omega*HO/Hinf* (h+k2*KW/k1/HO) * (Hinf*u/HO-b*h)
A=1;
B
C

2+Ksp*Hinf~2*y(6) /K2/KP/HO - KP+*y(8)/Hinf/HO - C1/HO;
-KW/H0"2 - 2%K2*KP/HO"2/Hinfx*y(8);

hh = -B/2 + sqrt(B.”2 - 4*A.xC)/2;

Shh = 1-y(6);

A if x==ZL

VA frrintf('z=/5.3e h (exact)=/5.3e h (approxz)=45.3f\n',z,hh,1-y (6,
VA end
brhs = km2/omega * (Hinf*y (10) /HO./hh-y(8));
urhs = -k1/omega*HO/Hinf* (hh+k2*KW/k1/HO) .* (Hinf*y (10) /HO./hh-y(8));
V4 if x==0
% forintf('Hinf*y(10)/HO/hh-y(8) = /16.13e\n',Hinf*y(10)/HO/hI
4 end
dydx =[y(2)
y(3)
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—0.5%y(2)"2 + 2%y(4)~2 + y(1)*y(3)
y(5)
—y(2)*xy(4) + y(1)*y(5)
y(7)
Scxy (1) *y (7)
y(9)
Scxy(1)*y(9) - Scxbrhs
y(11)
Scxy(1)*y(11) - Sc*urhs];
end

function res = fcnsBC(ya,yb)
/i Boundary conditions for the system on the boundaries [a,b]
/4 The initial functions for all of the solutions
4yl =H y2=H', y3=H'',
Ay =G, yo =G’

% H(0) =0, H'(0) = 0, H'(infinity) = O,
% G(0) =1, G(infinity) = 0

!

A y6 =c, y7 = c
A y8 =b, y9 = b'
A yl0= u, y11= u'

/4 ¢(0) = (HO/Hinf) "2*¥h0 2/u0, c(infinity) = const*S(t)

% b(0) = (Hinf/HO)*u0/h0, b(infinity) = (Hinf/HO)*1/hinf
s uw'(0) =0, u(infinity) = 1;

JHpOO = -2%al;

#Gp0 = bi;

temp = fcnsinit(ZL);

GZL = temp(4);

HpZL = temp(2);

VA u0 = ya(10);

A temp = geth0(u0,0,0);
4 b0 = temp(2);

VA cO0 = temp(3);

res = [ya(l) 7/H(0) = 0
ya(2) JH'(0) = 0
yb(2)-HpZL JH'(ZL) = HpZL
ya(4)-1 7G(0) = 1
yb(4)-GZL /G(ZL) = GZL
ya(6)-c0 %c(0) = (HO/Hinf) "2%h0 "2/u0
yb(6)-cinf Jc(ZL) = cinf
ya(8)-b0 /b(0) = b0
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yb(8)-binf b (ZL) = binf

ya(10)-u0

Aya(11) Ju'(0) = 0

yb(10)-uinfl; Ju(ZL) = winf
end

function y = show_inits(flag)

y =0;

if flag ==
r = linspace(0,ZL);
yinit = fcnsinit(r);
figure
subplot(3,4,1)
plot(r,yinit(l,:))
title('Initial H(\zeta)');
subplot(3,4,2)
plot(r,yinit(2,:))
title('Initial H''(\zeta)');
subplot(3,4,3)
plot(r,yinit(3,:))
title('Initial H'''' (\zeta)');
subplot(3,4,4)
plot(r,yinit(4,:))
title('Initial G(\zeta)');
subplot(3,4,5)
plot(r,yinit(5,:))
title('Initial G''(\zeta)');
subplot(3,4,6)
plot(r,yinit(6,:))
title('Initial c(\zeta)');
subplot(3,4,7)
plot(r,yinit(7,:))
title('Initial c''(\zeta)');
subplot(3,4,8)
plot(r,yinit(8,:))
title('Initial b(\zeta)');
subplot(3,4,9)
plot(r,yinit(9,:))
title('Initial b''(\zeta)');
subplot(3,4,10)
plot(r,yinit(10,:))
title('Initial u(\zeta)');
subplot(3,4,11)
plot(r,yinit(11,:))
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title('Initial u''(\zeta)');

function yinit = fcnsinit(x)

/4 The initial functions for all of the solutions
%yl =H y2=H', y3=H',
kY4 =G oys =G,
%
/4 Build a switch function that changes from 0 to 1 at = = x0
gammy = 10;
x0 = 0.3;
w = (tanh(gammy*(x-x0)) + 1)/2;
wp = 1/2*(sech(gammy*(x-x0))) . 2.*gammy;
%
A y6 =c, y7 = c'
% y8 =b, y9 = b’
4 y10= u, yli= u'
%
/i The asymptotic behaviour for for = < 1
al 0.510232618867;
bl -0.615922014399;
yAinit = [ -al*x.”2 + x.73/3 + bl*x."4/6
-2xal*x + x.72 + 2xbl*x.73/3
-2%al + 2%x + 2*blxx."2
1 + bl*x + al*x.”3/3
bl + al*xx."2
cOx(1-w) + cinfx*w
c0x(0-wp) + cinf*wp
bO*(1-w) + binf*w
bO* (0-wp) + binf*wp
u0* (1-w) + uinfs*w
u0*(0-wp) + uinf*wp];
/4 The asymptotic behaviour for for = >> 1
a0 = 0.884919;
Al = 0.93344;
Bl = 1.21046;
C = A172+B172;
yBinit = [ -a0 + 2xAlxexp(-a0*x)/a0 - Ckexp(-2*al+*x)/2/a073
-2xAl*exp(-a0*x) + Cxexp(-2+a0*x)/a0"2
2*%a0*Al*exp(-a0*x) - 2*Cxexp(-2*al*x)/a0
Blkxexp(-a0*x) - Blx*Cxexp(-3*al+*x)/12/a074
-a0#Bl*exp(-a0*x) + Bl*Cxexp(-3*al0*x)/4/a0"3
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cO*x(1-w) + cinf*w

c0*(0-wp) + cinf*wp

bO*(1-w) + binf*w

bO* (0-wp) + binf*wp

u0* (1-w) + uinfx*w

u0* (0-wp) + uinf*wp];
% Switch from one to the other depending on
yinit = yAinit*diag(x<l) + yBinitxdiag(i-(x<1));

function [y] = gethO(uOt,flags_detailsl,flags_details2)

V4

/4 Given a value for w0, determine hO, b0 and cO

/% When u0 = 1 this should return hO = Hinf/HO, b0 = 1, c0 = 1
if flags_detailsl == 1, fprintf('\nSolving for h0,b0,cO\n'), end
gam = sqrt(K2*KP*C1/2/Ksp) ;
if w0t < (KW/gam/Cl)~2

lam = (KW+uOt/gam/C1)~(1/3);

else
lam = sqrt(ult);
end
j=1;f =1;
if flags_detailsl == 1, fprintf('Newton iterations to compute hO\n'), end
while (j < 20 && abs(f) > eps)
if flags_detailsl==1, fprintf('j = %3i lam = %16.13e err = %5.3e\n',j,

f = lam™4 + lam™3*gam/Cl*u0t - lam™2+#ul0t - (KW+uOt+KP*u0t~2)/Cl/gam*la
fp = 4%lam”3 + 3*lam~2*gam/Cl*ult - 2*lam*u0t - (KWxuOt+KP*uOt~2)/Cl/g
if lam~=0

lam = lam - f/fp;

end
j=i+1
end
hOtemp = lam*gam/HO;
if w0t ==
cOtemp = 1;
bOtemp = 0;
else
cOtemp = (HO/Hinf) ~2*hOtemp~2/ult;
bOtemp = (Hinf/HO)*uOt/hOtemp;
end

if flags_detailsl ==
if abs(f) > eps
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end

fprintf ('ERROR: hO DID NOT CONVERGE\n')
else
fprintf('j = %31 lam = %16.13e err = %5.3e\n',j,lam,f)
end
fprintf (' Computed hO = %16.13e\n',hOtemp)
end
if flags_detailsl == 1 && flags_details2 ==
fprintf('\nTest of consistency (hO values).\n')
fprintf (' (Calculated) (Thesis section 4.4.3)\n')
fprintf ('u0=%16.13e u0=716.13e\n',ult,ult)
fprintf ('h0=Y16.13e h0=%16.13e\n' ,hOtemp,Hinf/HO*sqrt (udt))
7 fprintf (' (OH) =/16.13e (OH) =}16.13e\n',KW/HO,KW/Cl)
fprintf ('b0=%16.13e b0=%16.13e\n',bOtemp,sqrt (udt))
A forintf (' (CO3) =J16.13e (CO3) =/16.13e\n\n',K2*KP/HO 2,K2*KP/C1l "2)
fprintf('c0=%16.13e c0=Y16.13e\n',cOtemp,1)
Zfprintf('\nBEFORE: \nu0O = }10.6e, hO = }j10.6e,\nb0 = }j10.6e, cO = }%10.6e\:
Afprintf ('h(approx)=/5.3e b(approz)=/5.3e c(approx)=/5.3e\n',Hinf*sqrt (u0)
fprintf ('Saturation condition Hinf*cO*b0/HO - hO = %5.3e\n',Hinf*cOtemp*bOt
fprintf ('Equilibrium condition Hinf#uO/HO - b0*h0 = %5.3e\n\n',Hinf*u0t/HO -
end

y(1) = hOtemp;
y(2) = bOtemp;
y(3) = cOtemp;

function [y] = gethinf(cinftemp,flags_detailsl,flags_details2)

V4

/4 Given a value for cinf, determine hinf, binf assuming uinf = 1

/4 When cinf = 0 this should return hinf = 1, binf = Hinf/HO
if flags_detailsl==1, fprintf('Solving for hinf,binf\n'), end
lam = (1-cinftemp)/2 + 1/2*sqrt((l-cinftemp) "2+4*KP/H0"2);

j=1;f =1;
if flags_detailsl == 1, fprintf('Newton iterations to compute hinf\n'), end
while (j < 20 && abs(f) > eps)

if flags_detailsl==1, fprintf('j = %3i lam = %16.13e err = 75.3e\n',j,lam,f)

f = lam™3 + (2*Ksp*Hinf 2*cinftemp/K2/KP/HO-C1/HO)*1lam”~2 - (KW+KP)/HO"2*lam
fp = 3*lam™2 + 2% (2#Ksp*Hinf 2*cinftemp/K2/KP/HO-C1/HO)*1lam - (KW+KP)/HO"2;
lam = lam - f/fp;

j=31+1
end
hinftemp = lam;
binftemp = (Hinf/HO)*1/hinftemp;
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790 if flags detailsl ==

791 if abs(f) > eps

792 fprintf ('ERROR: hinf DID NOT CONVERGE\n')

793 else

794 fprintf('j = %3i lam = %16.13e err = 75.3e\n',j,lam,f)

795 end

796 fprintf ('Computed hinf = %16.13e\n',hinftemp)

797 end

798 if flags detailsl == 1 && flags_details2 ==

799 fprintf ('Comparison: Exact Approximate\n')

800 fprintf (! hinf: %16.13e %16.13e\n' ,hinftemp,l1-cinftemp)

801 fprintf (! binf: %16.13e %16.13e\n',binftemp,Hinf*1/HO*(1+cinftemp
802 fprintf (! cinf: %16.13e ---\n',cinftemp)

803 fprintf ('Equilibrium condition Hinf*uinf/HO - binfxhinf = %5.3e\n\n',H
804 end

805 y(1) = hinftemp;

806 y(2) = binftemp;

807 y(3) = cinftemp;

808 end

s0 end

810

811

812

813 % ________________________________________________________________________
siu /, EXTERNAL FUNCTIONS

815 % ________________________________________________________________________

816

sz function [x] = rock_kcarbonatevals(Tc,idx,debug)

818 Z

siv /4, Returns the rate k1, k-1, k2, k-2 of the wvarious carbonate reactions,
s20 / the equilibrium constants KW, K2, K5, KH, and finally Ksp
821 %

s2 /4 If no arguments then supply all wvalues at 25 C

&3 / If one argument then supply all wvalues at Tc

sa /4 If two arguments then only supply that index

&5 /4 If three arguments then output verbose messages

s26 1f nargin < 3, debug = 0; end;

g7 1if nargin < 2

828 N = 9;

829 x = zeros(N,1);
30 else

831 N=1;

s32  end

s 1if nargin < 1, Tc = 25; end;
sa T = Tc + 273.16;
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A 1: ki1
7 2:
4 3: k2
X 4
4 5: KW
4 6: K2
4 7: K5
% 8: KH
% 9:

Hh

(carbon dioxzide to bicarbonate via water)

: k-1 (bicarbonate to carbon diozxride via water)

(carbon dioxzide to bicarbonate via hydrozide)

: k-2 (bicarbonate to carbon diozide via hydrozide)

(Dickson and Riley 1979)

(Plummer and Busenberg 1982)

(Kern 1960 theory with modern rate constants)

(Henry's constant for the dissolution of CO2 in water)

: Ksp (Solubility product from Patnatk 2003 handbook
or loop = 1:N

if nargin < 2, idx = loop; end
switch idx

case 1 /log_10 k1
if debug==1, disp('kl'); end
y = 329.850 - 110.54x1ogl0(T) - 17265.4./T; 7 Usdowski 1982
case 2 /log_10 k-1 Usdowskt 1982
if debug==1, disp('k-1'); end
y = 13.558 - 3617.1./T; 7 Usdowski 1982
case 3 /log_10 k2
if debug==1, disp('k2'); end
y = 13.635 - 2895./T; / Usdowski 1982
case 4 Jlog_10 k-2
if debug==1, disp('k-2'); end
y = 14.09 - 5308./T; 7 Usdowski 1982
case 5 /log_10 KW
if debug==1, disp('KW'); end
ALogKW = 22.801 - 4787.3./T - 0.010365*T - 7.1321%1log10(T); 7 Harned and H
1nKWn = 148.9802 - 13847.26./T - 23.6521%1og(T); /% Dickson and Riley 1979
y = logl0(exp(1lnKWn)) ;
case 6 /K2 P&B 1982
if debug==1, disp('K2'); end
y = -107.8871 + 5151.59./T - 0.03252849*T + 38.92561*10ogl0(T) - 563713.9./T.
Alogke2 = -2902.39./T - 0.02379*T + 6.4980; J Harned and Scholes, 1941
case 7 JK5
if debug==1, disp('K5'); end
Ay = 10g10(1.707e-4)*ones(length(T)); J P&B 1982
/4 Kern 1960 theory with modern rate constants
ZK5 = k2*kml1*KW/km2/k1
WK5 ' = k2*KW/km2
loglOkl = 329.850 - 110.54%1ogl0(T) - 17265.4./T;
loglOkml = 13.558 - 3617.1./T;
logl0Ok2 = 13.635 - 2895./T;
loglOkm2 = 14.09 - 5308./T;
1nKWn = 148.9802 - 13847.26./T - 23.6521*%1og(T);
1oglOKW = logl0(exp(1nKwWn)) ;
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end
Eztra posstible sets of wvalues
From Johnson 1982
@article{johnson1982carbon,

V4
3
%

(4

(4

<

<

B

(4

B I NI N I I I N I N R R N RN I NI NN

B

A
V4

SRR W WX W

HoO e 9w

y = loglOkml + loglOk2 + loglOKW - loglOkm2 - loglOkl;
case 8 JKH
if debug==1, disp('KH'); end
y = 108.3865 - 6919.53./T + 0.01985076*T - 40.45154*10g10(T) + 669365.
case 9 /Ksp
if debug==1, disp('Ksp'); end
y = logl0(4.47e-9);
end
if nargin < 2
x(loop) = 10.7y;
else
x = 10.7y;
end

title={Carbon dioxzide hydration and dehydration kinetics in seawater},
author={Johnson, K.S.},

journal={Limnology and Oceanography},

pages={849--855},

year={1982},

publisher={JSTOR}

25+273.16; S = 0;

= [1246.98 -930.13 1346.24 -2225.22];
[0 0.110 -0.126 -0.049];

= [-6.19 3.10 -6.44 8.91]*1e4;

= [-183 140.9 -196.4 336.6];

logkco2 = A(1) + B(1)*sqrt(S) + D(1)/T + E(1)*log(T);

logkohKW = A(2) + B(2)*sqrt(S) + D(2)/T + E(2)*log(T);
logkd = A(3) + B(3)*sqrt(S) + D(3)/T + E(3)*log(T);
logkhco3 = A(4) + B(4)*sqrt(S) + D(4)/T + E(4)*log(T);

kco2 = exp(logkcol)
kohKW = exp (logkohKW)
kd = ezp(logkd)

khco3 = exp(logkhco3)

For Sol7
@article{soli2002co,

title={CO< sub> 2</sub> system hydration and dehydration kinetics and the egq
author={Soli, A.L. and Byrne, R.H.},

journal={Marine chemistryl,

volume={78},

number={2},
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pages={65--73},
year={2002},
publisher={Elsevier}

}

, T = 25+273.16;

y lnkd = 30.15-8018/T;

, logKa = -0.994-610.5/T

% lnkh = 22.66-7799/T;

% K5 = 10"logKa

% kd = exp(lnkd)

N SN

% kh = ezxp(lnkh)
7 K = kd/kh

% K5p = K5/(1+K)
% logKl = log10(K5p)
end

function [x] = rock_carbonatedissnparams(Tc,rpm)

V4

/i Returns the physical parameters of the experiment
/4 1A: DCO2 (Diffusion coefficient of dissolved CO2: Zeebe, 2011)

/4 1B: nu (Viscostity of water: Kreslin, 1978)

/4 1: Sc (Schmidt number)

/4 2: Re (Reynolds number)

/4 3: omega (Rotation rate in rad/sec)

4 4: cs (Molarity of calcium in a calctite crystal)
/4 5: Rd (Radius of sample)

/i 6: Rv (Radius of container)

T = Tc + 273.16;

DCO2 = 14.8836*((T/217.2056)-1).71.9970;

DCO2 = DCO2*1e-9;

nu = 9.82e-7;

Sc = nu/DCO2; / Schmidt number
omega = 2*pi*rpm/60;
rhos = 2.7102e3; 7 Density kg/m~3

Ms = 100.0869; % Molecular weight g/mol

cs = rhos/Ms; / moles/1

Rd = 1.5%2.54/2%1e-2; /1.5 inches in diameter expressed in metres
Rv = 5%2.54/2x1e-2; 5 inches in diameter expressed in metres

Re = omega*Rd~2/nu;

x(1) = Sc;
x(2) = Re;
x(3) = omega;
x(4) = cs;
x(5) = Rd;
x(6) = Rv;
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end
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